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ABSTRACT 

A NURBS-BASED COMPUTATIONAL TOOL FOR HYDRODYNAMIC 

OPTIMIZATION OF SHIP HULL FORMS 

Lijue Wang, M.S. 

George Mason University, 2015 

Dissertation Director: Dr. Chi Yang 

 

NURBS stands for a "Non-Uniform Rational B-Spline" type of surface. Ship hull forms 

are represented by NURBS in most of the modern Computer Aided Ship Design (CASD) 

environments. Computational fluid dynamics (CFD) based hull- form hydrodynamic 

optimization relies on CFD solvers to evaluate the objective functions in terms of the 

flow around the ship hull that is discretized by meshes. In order to conduct CFD-based 

hull- form hydrodynamic optimization efficiently and automatically, it is essential to 

develop an accurate and effective NURBS-based hull-surface modification technique and 

an automatic mesh generation tool. 

A NURBS-based computational tool for hydrodynamic optimization of ship hull 

forms is developed in this dissertation. A new hull surface modification technique is 

developed to modify the hull form within NURBS in the design optimization process, 

which ensures: (i) Only a small number of design variables are required to reduce the 
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number of objective function evaluations; (ii) Large variation of hull forms can be 

obtained to produce different type of hull forms; (iii) Modified region can join the 

original design smoothly without discontinuities when only a part of the hull needs to be 

optimized; (iv) Practical hull form (both three-dimensional fairness and manufacture 

practicability) can be preserved and various geometrical constraints can be easily 

implemented in the optimization process. In addition, a NURBS-based grid generation 

tool is developed to discretize hull surface and generate the mesh required for the CFD 

simulation of the flow around the hull.  

Hydrodynamic design of ships involves several stages, from preliminary and 

early-stage design to late-stage and final design. As the objective of this study is to 

develop a practical hydrodynamic optimization tool for the design of a ship with reduced 

drag at the early design stage, a practical design-oriented CFD tool (Code SSF), based on 

a new theory called Neumann-Michell (NM) theory, is used to compute the steady flow 

about a ship and evaluate the objective function that measures the wave drag and/or total 

drag. Even though SSF is a highly efficient CFD tool, the need to conduct hull form 

optimization for several design speeds with further reduced computing time prompted the 

development of an approximation model, i.e. a response surface, in which only a limited 

number of objective function evaluations are done using CFD solver directly. Based on 

the response surface, An ANalysis of VAriable (ANOVA) functionality is developed to 

analyze the importance of each design variable. An evolutionary-based optimization 

solver is used to find the optimal hull form on the response surface. 
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The computational tool developed in this study ensures the seamless integration 

of CASD, CFD and optimization techniques into the hydrodynamic optimization of ship 

hull forms. The applications of the tool on several real life ships demonstrate that the 

present tool provides an effective and inexpensive way to optimize hull forms at the early 

design stage. It also offers helpful analyses on the importance of different design 

variables. Due to its modularity, the developed computational tool can be extended to 

study the optimization problem in terms of other hydrodynamic performance. 
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1. INTRODUCTION 

In 2014, there are about 52,568 ships in service worldwide, including 49,576 merchant 

ships[1] and 2,992 warships[2]. The fuel consumption of ships accounts for a respectable 

portion of the total energy consumptions. With a rising price of the marine fuel, the costs 

of the water transportation industry and naval missions have been increased in recent 

years. For merchant ships, data of ten years (2002 ~ 2012) from the National 

Transportation Statistics[3] show that the United States (US) domestic water traffic 

consumes about 23.26 million gallons of fuel oil per day.  The US water traffic fuel bill is 

almost $23.6 billion each year. In terms of warships, a report of Department of Defense 

Energy Strategy[4] in 2007 shows that the US Navy accounts for 33% of the US 

government fuel consumption. US Navy consumes about 3.56 million gallons of fuel oil 

per day. The navy fuel bill is around $4 ~ $5 billion each year. According to these two 

bills, an annual estimation of fuel consumed by ships approximates to $28 ~ $29 billion 

in total. It can be estimated that an assumed 5% decrease of the fuel consumption of ships 

can save about $1.5 billion each year for the US. 

In recent years, there have been many developments on novel technologies to 

lower the fuel consumption of ships, such as ship engines with higher efficiency, new 

type marine fuel with higher heating values and the optimal design of ship hull forms. 

Under the motivation to lower the fuel consumption and save the fuel budget of ships, the 

hydrodynamic optimization of ship hull forms becomes an increasingly important 
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research topic[5 ~ 21]. The first hydrodynamic optimization problem is thus to optimize the 

hull form for reduced drag[5 ~ 7][11][13][16] when a ship advances in the calm water at design 

speeds. Those optimal ships with lower drag are considered to be able to achieve lower 

fuel consumption. The hydrodynamic optimization of ship hull forms is usually realized 

by modifying the prototype hull form to achieve better hydrodynamic performance, i.e., 

the minimization/maximization of well-defined objective functions. Hydrodynamic 

design of ships involves several stages, from preliminary and early-stage design to late-

stage and final design. In the early-stage design of a ship, there are more rooms to modify 

the hull form since apparatuses or weapons are not set up in this stage. Thus, it is easier to 

optimize the hydrodynamic performance of a ship through the modification of the 

prototype hull form in the early-stage design.  

In most of the modern Computer Aided Ship Design (CASD) environments of the 

early-stage design, the prototype hull forms are represented by NURBS[22][23] surfaces, 

which stand for a “Non-Uniform Rational B-Spline” type of surface. NURBS is 

commonly used in three-dimensional geometric modeling and manipulation, for example 

the NURBS-based Computer Aided Design (CAD) software Rhinoceros[24] and the open 

source NURBS manipulation library SISL[25]. It is also a part of numerous industry-wide 

standards, such as the Initial Graphics Exchange Specification (IGES) and the STandard 

for the Exchange of Product model data (STEP). A NURBS surface is mathematically 

simple as it is a function of two parameters mapping to a surface in the three-dimensional 

space, where the mapping is defined by the B-spline basis functions, knot vectors of 

parameters, control points and weights of control points. A hull form is usually composed 

http://en.wikipedia.org/wiki/IGES
http://en.wikipedia.org/wiki/ISO_10303
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of one or several NURBS surface patches of curvature continuity C2. Compared with the 

representation of discrete surfaces, hull forms represented by NURBS surfaces are 

visually fair and perfectly smooth. Compared with other parametric representations, such 

as power basis polynomial, Bézier and B-Spline, NURBS is capable of precisely 

modeling all the arbitrary three-dimensional curves and surfaces in one common 

mathematical form. It uses piecewise rational so that a high degree formula is no longer 

required to accurately fit complex shapes or satisfy a large number of constraints. The 

usage of piecewise rational also allows for local modifications. In addition, it is also easy 

to implement NURBS on computers. Due to its mathematical simplicity, it requires small 

memory space to store the data that defines the geometric model. The computer 

algorithms, i.e., the de Casteljau’s algorithms[26] for evaluating the position and the 

derivatives at a point are robust and stable. The design-oriented features allow for easy 

shape modification by varying control points locations and/or weights of control 

points[27][28]. By altering knot vectors[29][30], the number and the distribution of the control 

points can be altered without losing much geometry accuracy. This property provides a 

convenient way to pre-process a NURBS surface to be optimized into a NURBS surface 

that has an evenly- latticed control polygon. Because of the advantages of NURBS, it is 

widely used to represent ship hull forms in CASD environments of early-stage design of 

ships. 

The hydrodynamic optimization of ship hull forms in the early-stage design relies 

on Computational Fluid Dynamics (CFD) solvers[31] to evaluate the objective functions in 

terms of the flow around a ship hull that is discretized by meshes. The objective functions 
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can be the calm-water resistance and/or the seakeeping performance[9 ~ 11][14][15]. In CFD 

simulation, flow fields including velocities, pressure and waves generated around a ship 

are solved by the governing equations for the fluid, i.e., the Navier-Stokes (N-S) 

equations in a computational domain using numerical methods and algorithms. The N-S 

equations are established to describe viscous flows. The solution of the system of 

equations requires the coupling of a turbulence model that closes the system of equations 

into the Reynolds Averaged Navier-Stokes (RANS) equations, and a mesh refined at the 

boundary layers. The solution of the RANS equations is able to approximate the real flow 

field with high fidelity. However, RANS solvers are usually computationally expensive, 

so they are rarely used in an optimization problem. Due to their high fidelity, they are 

often used to verify the hydrodynamic performance of the optimal ship hull form 

obtained from the optimization. A good exemplar is the open source CFD tool Code 

OpenFOAM[32]. It is an easily available open source computational tool which integrates 

robust RANS solvers with different turbulence models and powerful mesh generation 

tools for the generation of RANS meshes. Model tests can be conducted later to validate 

the hydrodynamic performance of the optimal hull form and the validation can be 

compared with the verification performed by the RANS solver. Based on the assumption 

that the flow is inviscid, the N-S equations can be simplified into the Euler equations. 

The flow field solved by the Euler equations is also of higher fidelity and the fully 

nonlinear wave effect can be accounted for in a hydrodynamic problem. The solution of 

Euler equations is still computationally expensive, but it can be boosted by parallel 

computing techniques[33][34] to perform rapid simulations and thus can be applied in 
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hydrodynamic optimizations[6]. Based on the assumption that the flow is both inviscid 

and irrotational, the flow field can be simplified and governed by the potential flow 

theory. To evaluate the hydrodynamic performance of a ship, the flow around a ship hull 

steadily advancing in the calm water and/or in waves are considered. For the steady calm-

water problem, a potential flow theory of ship waves, called Neumann-Michell (NM) 

theory[35][36], can be used to account for nonlinear free-surface effects. It is a modification 

of the classical Neumann-Kelvin(NK) theory[37] and yield more realistic predictions of 

the ship drag, when comparing with experimental measurements[38][39]. For the behavior 

of a ship in waves, solution methods[40][41] based on Green’s Theorem, in which the 

velocity potential is defined in terms of a Green function, can be used to solve the 

seakeeping problem with/without forward speed. Although the solution of the potential 

flow equation is with lower fidelity, it is still a valid approximation to be used in the 

hydrodynamic optimization of ship hull forms, since the flow field due to the water 

waves is mainly dominated by the gravity force compared to vorticity effects. In addition, 

the potential flow solver is usually very fast to be integrated into an iterative optimization 

process. Thus, they are often used to evaluate objective functions for CFD-based hull 

form hydrodynamic optimizations. The idea to use variable fidelity[12] solvers has also 

been performed to optimize ship hull forms. The method maximizes the use of the lower-

fidelity solver in the iterative optimization procedure while the higher- fidelity solver is 

used for monitoring the progress.  

In order to conduct CFD-based hull form hydrodynamic optimization, the initial 

design, which could be modeled parametrically[10][13][17], is in most cases converted to 
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discrete surface meshes so that its hydrodynamic performance can be evaluated by the 

CFD solver. The initial hull form is then modified by hull form modification methods  

applied directly on the parametric models or on the converted discrete surfaces. The 

modification method is required to be able to vary the hull body globally and the bulbous 

bow and/or stern locally. The varying parameters are defined as the design variables. In 

this way, a newly modified hull form can be defined by a newly updated vector of design 

variables in the optimization process. The objective function, i.e., the hydrodynamic 

performance of the modified hull forms is evaluated by the CFD solver in the 

optimization process. The hull form with respect to the best hydrodynamic performance 

is found by the optimization solver as the optimal design.  

Since most flow solvers require discrete meshes, surface modification 

approaches[18][19] for CFD-based hull form optimization have been developed to modify 

ship hull forms represented by discrete surface meshes. One type of approach combines 

two modification methods, one based on the sectional area curve of the hull to achieve 

global modifications and one based on Radial Basis Function (RBF) interpolation to 

achieve local modifications. The other approach relies only on RBF interpolation for the 

generation and modification of ship bulbous bow. They have been successfully 

applied[20][21] to optimize ship hull forms for reduced drag at given design speeds. Results 

obtained in these studies show that the developed approaches can produce smooth hull 

forms effectively and efficiently in the CFD-based hull form optimization. In terms of an 

initial design represented by a NURBS surface, it can first be converted into discrete 

surface meshes. Then the introduced surface modification approaches can be applied on 
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the meshes to generate a new hull form. The efficiency of these methods is guaranteed 

because the modified discrete surfaces serve directly as the meshes of the new hull form 

for the CFD simulations. However, the effectiveness of this methods is based on the 

assumption that the mesh quality is ensured by the constraints on the variation range of 

the design variables so that the deformed elements have only tiny modifications, and/or 

the refinement of the meshes where large modifications is needed. Without these 

constraints, it is difficult to control mesh qualities by prevent skewed meshes from being 

generated in the optimization process. The accuracy of the evaluation of objective 

functions will be lost when a CFD simulation is performed on skewed meshes. In this 

case, a re-meshing[42] or mesh adaption[43] has to be performed appropriately. In addition, 

the fairness of the hull form represented by discrete surfaces is not commensurate with 

the one represented by NURBS surfaces. To convert the obtained optimal hull form back 

to NURBS, the geometric conversion may result in distortion due to the difficulties to 

deal with some complex geometric features. Thus, the converted NURBS surface may be 

problematic. In another word, in order to output the optimal design in a consistent form 

with the initial design being represented by NURBS, the hull surface modifications made 

in the optimization will possibly be canceled out by a problematic geometric conversion.  

The problems from the optimization based on discrete surfaces motivated the 

development of a NURBS-based computational tool for hydrodynamic optimization of 

ship hull forms. Due to the design-oriented deformation property of NURBS, the hull 

form modification can be realized by coupling two approaches, one is directly NURBS-

based and the other can be the application of the developed RBF-based technique on the 
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NURBS control points. The direct NURBS-based hull form modification approach can be 

used to generate bulbous bow and/or stern features from the original hull. The bulbous 

bow feature is usually helpful to reduce the drag though the original hull may already be 

well-designed. The generation of bulbous bow and/or stern requires large variations of 

hull forms, but it can be realized easily by modifying the control polygon of NURBS that 

gives out the approximate shape of the hull surface. This direct NURBS-based approach 

ensures that large variations can be made to produce different types of hull forms. Due to 

the continuity C2 of NURBS, modified region can join the original design smoothly 

without discontinuities. After the initial hull form with generated bulbous bow and/or 

stern is obtained by the direct NURBS-based hull form modification approach, the 

already developed RBF-based hull surface modification approach can be applied on the 

control points of the NURBS surface to modify hull forms with small variations in the 

optimization process. The RBF-based approach ensures that only a small number of 

control points are required to serve as the design variables which are freely movable. The 

rest of the control points moves dependently with them. By appropriately selecting 

control points on the ship body and bulbous bow area as the design variables, both the 

global and local modifications can be made. Because the number of NURBS control 

points is usually much smaller than the number of grid node points of discrete surfaces, 

the computation associated with the dependently movable points is less. In addition, by 

defining the variation of the design variables in a reasonable range, practical hull form 

(both three-dimensional fairness and manufacture practicability) can be preserved and 

various geometric constraints can be easily implemented in the optimization process. 
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Thus, an accurate and effective NURBS-based hull surface modification technique can be 

developed. It will provide an essential basis for the development of a NURBS-based 

computational tool for hydrodynamic optimization of ship hull forms. 

However, to make the NURBS-based computational tool a practical tool for the 

hydrodynamic optimization of ship hull forms, there remain some problems to be solved. 

The problems include the selection of a robust CFD tool[33 ~ 41] for the evaluation of the 

appropriately defined objective functions, automation of the surface modification and the 

mesh generation, selection of the design variables[44 ~ 47], decision to perform single-

objective optimization or multi-objective optimization[8], consideration of developing an 

approximation model, i.e., a surrogate model or a response surface to replace the CFD 

tool and to help explore and analyze the design space[48 ~ 54][20] and choice of the 

optimization methodologies and algorithms[55 ~ 66].  

The objective of this study is to develop a practical NURBS-based hydrodynamic 

optimization tool for the design of a ship for reduced drag at the early design stage. In the 

following section, the NURBS-based ship hull form optimization will be first defined. 

After the definition, the problems mentioned above will be stated in detail and then the 

framework of the computational tool will be outlined. 

1.1 NURBS-based Ship Hull Form Optimization 

The ship hull form optimization can be defined as a process of searching for a modified 

hull form that minimizes one or several objective functions, i.e., the calm-water 

resistance and/or seakeeping performances while satisfying some given constraints. The 

evaluation of objective functions depends on the flow fields about a ship solved by a 
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design-oriented potential flow solver. In the NURBS-based ship hull form optimization, 

modifications of the ship hull form are associated with some NURBS control points 

whose displacements are defined as the design variables. Mathematically, it can be 

formulated as a minimum finding problem 

    min, xuxI  (1) 

probably subject to a constraint of the form 

   0xG  (2) 

where x  is a vector of design variables with respect to the displacements of the freely 

movable control points that determine the shape of a modified hull form represented by a 

NURBS surface and )(xu  the solution of the flow around that modified ship.  xG  could 

be the constrained variation range of the design variables, constraint of the displacement, 

some unchangeable parts of the ship hull form due to a pre-determined apparatus or 

weapon space and so on. 

1.2 Statement of Problems 

As the objective of this study is to develop a practical NURBS-based computational tool 

for the hydrodynamic optimization of ship hull forms for reduced drag at the early design 

stage, a practical design-oriented CFD tool is required to compute the steady flow about a 

ship and evaluate the objective function that measures the wave drag and/or total drag. 

The CFD tool, Code Steady Ship Flow (SSF), based on a new potential flow theory of 

ship waves called Neumann-Michell (NM) theory[35][36] is selected to evaluate the 

objective function. The flow solver requires isotropic discrete surface meshes to solve a 

flow field about a ship hull. The CPU time for evaluating a flow field about a hull form 
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represented by around 10,000 triangular panels is nearly 10 seconds per Froude number 

using an Intel Pentium 4 Processor PC. To evaluate the objective function with respect to 

a ship hull form represented by NURBS, it is necessary to develop a NURBS-based grid 

generation tool to discretize the hull surface and generate the meshes required for the 

CFD simulation of the flow around the hull. Furthermore, the grid generation tool is 

expected to automatically process the modified ship hull form and generate the mesh 

under the waterline. A geometry manipulation toolkit is thus developed as the first 

module of the NURBS-based computational tool to integrate the hull surface 

modification and the grid generation into an automated process. The flow solver SSF 

serves as the second module to evaluate the objective function. 

The process to select design variables and analyze the sensitivity of the 

input/output of an experiment is called Design of Experiment (DOE). In this study, the 

experiment is carried out by a CFD simulation model, i.e., the potential flow solver SSF. 

Design variables, i.e., the control points of the NURBS surface are required to be selected 

appropriately. In order to preserve the fairness of the ship hull form, the control points to 

be selected cannot be very close to each other if they are free to move in the same 

direction. In the DOE, the selection of design variables being spread out with each other 

guarantees that they are linearly independent in the correlation space of the input/output 

system. In modern DOE with simulation models, the input/output data can be analyzed[44] 

through approximation models, such as second-order polynomials for group screening 

and Kriging models[52 ~ 54] for Latin Hypercube Sampling(LHS)[47]. 
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Except for being used as the sensitivity analysis tool, an accurate approximation 

model can serve as the surrogate that replaces the CFD simulation model to evaluate the 

objective functions. When designing a ship, the hydrodynamic performance can be 

evaluated with respect to single-objective or multi-objective, i.e., at one design speed or 

at several design speeds within a speed range. Thus, the optimization of a ship in the 

early design stage can be a single-objective optimization or a multi-objective 

optimization. In multi-objective optimizations, it may require thousands to even millions 

of evaluations of the objective functions. Even though SSF is a highly efficient CFD tool,  

the need to conduct hull form optimization for several design speeds with further reduced 

computing time prompted the development of an approximation model, i.e., a surrogate 

model or a response surface. Based on the response surface, an ANalysis of VAriable 

(ANOVA) functionality can be developed to explore the design space and analyze the 

importance of each design variable. Thus, a surrogate model will be developed as the 

third module to evaluate the objective functions in the optimization process. The 

construction of the surrogate model depends on only a limited number of objective 

function evaluations using the CFD solver directly on the hull forms modified by the 

geometry manipulation toolkit. Each modified hull form corresponds to a sample point in 

the design space and each sample point is located by a vector of design variables. 

After the surrogate model is constructed, an optimization solver will be developed 

as the last module of the computational tool to find the optimal hull form on the response 

surfaces. The optimization solver will be able to solve the multi-objective optimization 

problem, in which multiple response surfaces are constructed and each one is associated 
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with a design speed. The optimization solver is also expected to solve multi-modal 

problems, in which the optimal solutions are located at different places in the design 

space. Multi-modal problems are common in real- life optimizations and Evolutionary 

Algorithm (EA) is usually used to solve multi-modal problems because the genetic-based 

natural selection mechanisms helps prevent the searching process from being trapped into 

local minima. 

In general, the computational tool developed in this study is expected to ensure 

the seamless integration of CASD, CFD and optimization techniques into the 

hydrodynamic optimization of ship hull forms. It will be applied on real life ships to 

optimize hull forms for the optimal design at early design stage. The mentioned above 

CFD RANS solver, Code OpenFOAM, will be used to verify the hydrodynamic 

performance of the optimal hull form found by the tool to demonstrate its effectiveness. 

Its efficiency needs to be guaranteed by each module, especially for the grid generation 

tool. In the following section, the framework of the computational tool will be outlined 

with respect to its modules. Its modularity provides a framework for the future extension 

to study the optimization problem in terms of other hydrodynamic problems. 

1.3 Framework of Computational Tool 

The developed computational tool will consist of four modules: (i) a newly developed 

NURBS-based geometry manipulation toolkit, which includes a hull surface modification 

tool and a grid generation tool; (ii) an efficient design-oriented CFD solver, SSF, for the 

evaluation of hydrodynamic performance of the modified hull forms that correspond to a 

limited number of sample points in the design space; (iii) a surrogate model constructed 
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based on the sample data collected by the first two modules. It is used to replace the CFD 

solver for the evaluation of objective functions in the optimization process. An ANOVA 

functionality will be developed to provide analysis information for the early-stage design 

of ships; and (iv) an optimization solver based on an evolutionary algorithm to find the 

optimal hull form. Figure 1 illustrates the flowchart of the computational tool in which 

four modules work as a whole. 

1.4 Summary 

Chapter 1 set the objective of this study to develop a NURBS-based computational tool 

for hydrodynamic design of ship hull forms for reduced drag. The motivation of this 

study, problems to be solved, introductions of the tool as a whole and its modules are 

included. A brief summary is given out here before moving forward to the following 

chapters. 

The computational tool is based on a design-oriented geometric representation, 

NURBS. In order to guarantee the automation of the optimization process, a geometry 

manipulation toolkit will be developed to perform the hull surface modification and 

generate discrete surface meshes of isotropic triangles required by the CFD solver SSF. 

SSF is used to solve the steady flow about a ship and evaluate the objective function that 

measures the calm-water resistance. In order to further reduce the computing time, a 

surrogate model will be developed as an approximation model, i.e., a response surface 

that replaces the CFD solver for the evaluation of the objective functions in the 

optimization process. Based on the response surface, an ANOVA functionality will be 
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developed to analyze the importance of each design variable. An evolutionary-based optimization 

solver will be used to find the optimal hull form on the response surface. 

The effectiveness of the computational tool will be verified by the flow around 

the optimized ship and its hydrodynamic performance solved by a CFD RANS solver, 

Code OpenFOAM. The efficiency of the tool needs to be guaranteed by each module, 

especially for the grid generation tool.  

The computational tool developed in this study is expected to ensure the seamless 

integration of CASD, CFD and optimization techniques into the hydrodynamic 

optimization of ship hull forms. It will serve as an optimization and analysis tool for the 

optimal design of a ship in the early design stage. Except for the CFD solver, which is a 

ready-use computer code, the other three modules are mainly developed by C++ and will 

be detailed individually in the sequel chapters. 
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CASE PRE-SETTING: 

Pre-process NRUBS surfaces; 
Define objective functions; 
Define design variables and 

specify their variation ranges; 
Generate sample points in the 

design space using ILHS
[47]

. 

1. GEOMETRY MANIPULATON:  

Hull surface modification; 

Grid generation for CFD simulation.  

For each sample point 

End of Process 

2. EVALUATION OF OBJECTIVE 

FUNCTIONS:  

Perform CFD simulation; 
Evaluate objective functions.  

3. SURROGATE MODEL:  

Build response surfaces with respect to  

each objective function. 

4. OPTIMIZATION SOLVER:  

Find optimal solution  

on response surfaces. 

 Figure 1 Flow Chart of the Computational Tool 
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2. GEOMETRY MANIPULATION TOOLKIT 

Facilitating the computational tool with a geometry manipulation toolkit that performs 

the hull surface modification and the grid generation for Computational Fluid Dynamics 

(CFD) evaluations ensures that the data sampling process performed by the first two 

modules can be a fully automated process. Thus, the geometry manipulation toolkit is the 

most important module of the computational tool. It is developed to consist of three 

components to take care of the pre-processing of Computer Aided Design (CAD) files, 

the hull surface modification and the grid generation. They will be presented respectively 

in the following three sections and the toolkit will be summarized in the last section. 

2.1 Pre-processor 

The pre-processor consists of an I/O interface of Non-Uniform Rational B-Spline 

(NURBS) definition files (IGES/3DM), a gadget to perform rigid transformations and the 

waterline intersection and a boundary interpreter. The I/O interface with IGES files is 

developed as per US PRO’s Initial Graphics Exchange Specification 5.3. The I/O 

interface with 3DM files is based on the open source library OpenNURBS[24] developed 

by Rhinoceros, a well-known CAD software. In order to achieve the better understanding 

of the functionalities of the pre-processor, the hull surface modification and the grid 

generation, the NURBS curve and the NURBS surface will be introduced briefly in the 

following sub-section. 
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2.1.1 Brief Introduction of NURBS 

A pth-degree NURBS curve is defined[23] by  
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where  iP  are the control points,  i  are the weights (usually, 0i ) and   uN pi,
 are 

the p th-degree B-spline basis functions defined on the non-uniform knot vector U ( 1r  

knots, both ends with 1p  a s and b s).  
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Let  ruuU ,,0   be the knot vector, the i th B-spline basis function of p th-degree can be 

defined recursively as 
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allows us to rewrite Equation 3 in the customary form  
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  uR pi,
 are called the piecewise rational basis functions. 

 

  

 Figure 2 NURBS Curve 

 

 

Figure 2 depicts a NURBS curve. The control points are represented by the dots 

and the line segments that give out the approximate shape of the real curve. The shape of 

the curve can be modified through the adjustment of the control points, the knot vector U  

or the weight  . The most intuitive way is to move the control points.  

Similarly, a NURBS surface is defined as  
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with the piecewise rational basis functions  
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and the knot vectors 
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Figure 3 shows a DTMB5415 combatant represented by five NURBS patches. 

The control polygon is denoted by hollow squares and dotted lines. The ship hull form 

can be modified by varying the position of the control points. 

 

 

 Figure 3 DTMB5415 Combatant Represented by Five NURBS Patches 

 

 

Because the rational B-spline basis functions are defined piecewise on the knot 

vectors, the modification of a control point has influence only on a limited area near that 

control point. Also, the number and distribution of control points in a specific area can be 

modified through knots insertion or knots removing. As shown in Figure 4, suppose (a) is 

a shape to be modified. The varied control points are colored in red in (b), which is the 

corresponding top view. It can be seen from the figure that the shape is only varied in the 

area near the lower-right corner. (c) and (d) are the same shape and its top view after 

performing the knots insertion. Note that the shape is unchanged. The number of the 

control points is increased in this way. This feature is very important because it provides 
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a good mechanism to maintain the density of the control points in a specific area, for 

example the bulbous bow and/or stern generated from the prototype hull form. Figure 5 

illustrates an example of a bulbous bow and a stern created on a Wigley hull using the 

direct NURBS-based hull form modification approach, in which the control polygon near 

two ends is altered. It is observed that the original hull is preprocessed and the density of 

the control points is increased at both ends through the knot insertion so that the modified 

regions will have smooth variations. 
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(a) (c) 

  
(b) (d) 

 Figure 4 Local Modification S upport and Knot Insertion 

 

 

 

 Figure 5 Bulbous Bow and Stern Created on Wigley Hull  
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2.1.2 Pre-processing Functionality 

The pre-processor has an I/O interface of NURBS definition files (IGES/3DM). It is able 

to control the ship motions through rigid transformations, cut the waterline and interpret 

the boundary on a ship hull form. Thanks to the affine invariance property of NURBS, 

rigid transformations can be achieved easily by applying the related operations on 

NURBS control points. The rigid transformations include rotation and translation to 

control the ship motions, i.e., pitch and heave respectively. A ship hull can also be scaled 

according to the waterline length.  

An under-water mesh of a ship hull is required by the CFD solver. The waterline 

is found by the intersection between a NURBS surface and a horizontal plane. This 

functionality is developed based on an open source NURBS library, called SIntef Spline 

Library (SISL). SISL[25] was developed and maintained since 1980s by the geometry 

modelling group at SINTEF. It is featured by its mature functionalities including 

geometry creation, interrogation, manipulation and intersection and so on. It is selected 

here so that more pre-processing features could be plugged in this toolkit as needed in the 

future.  

In this dissertation, a grid generation method in which the mesh grows from the boundary 

into the domain is used. The boundary interpreter is hence responsible for identifying 

boundaries with or without the water plane intersection operated, and turning them into 

NURBS curves. 
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2.2 Hull Surface Modification 

The hull form modification technique couples two approaches, one is directly NURBS-

based and the other is based on Radial Basis Function (RBF) interpolation. In section 

2.1.1, an example of the direct NURBS-based hull form modification is already 

illustrated to show how this approach is used to generate bulbous bow and stern from a 

Wigley hull. After an initial hull with the bow and stern is generated by the direct 

NURBS-based hull form modification approach, a RBF method can be applied on the 

control points of the NURBS patches to modify the hull surface. The employment of 

NURBS control points as the design variables ensures that both the global and local hull 

surface modification can be realized using one method. The details about RBF can be 

referred to in the literature[18]. It will be briefly introduced here after the clarification on 

the difference between the NURBS control points and the RBF control nodes. There are 

two types of RBF nodes, the fixed nodes and the movable nodes. The movable nodes 

include one type of independently movable nodes and one type of dependently movable 

nodes. The fixed nodes and the independently movable nodes are RBF control nodes that 

are used to control the modification of the hull forms. In this dissertation, the NURBS 

control points are selected to serve as different types of RBF nodes. 
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 Figure 6 Control Nodes of RBF-Based Hull Surface Modification 

 

 

The fixed control nodes are used to keep the hull surface near them unchanged. 

Usually, those NURBS control points on the boundary, at the mid-body of the hull form 

and on the seams between NURBS patches (to preserve the manufacture practicability) 

are selected as the fixed RBF control nodes. The rest of the NURBS control po ints are the 

movable RBF nodes. Figure 6 illustrates the concept of different types of RBF nodes, 

where the blue squares denote the fixed control nodes; the colored squares denote the 

independently movable control nodes and the smaller black hollow squares denote the 

dependently movable nodes. The independently movable control nodes are selected in an 

evenly distributed manner from those NURBS control points of the interested areas, i.e., 

the ship body for the global modification and the bulbous bow area for the local 

modification. The displacements of the independently movable control nodes serve as the 

design variables of the optimization problem. The control node on the tip of the bulbous 

bow is free to move in both the longitudinal direction and the vertical direction, as is thus 

denoted by two colors in Figure 6. Together with the red node on the side of the bulbous 

bow that is movable in the transverse direction, they are used to modify locally the 

bulbous bow with respect to its length, height and width. The colored nodes on the ship 
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body are movable in the transverse direction to modify the fatness of the hull body 

globally. Thus, for the set-up in Figure 6, these six colored independently movable RBF 

nodes defined seven design variables with respect to their displacements in different 

Cartesian directions. By constraining the displacements within a reasonable variation 

range, both the three-dimensional fairness and the manufacture practicability of the hull  

can be preserved. 

The displacements of the dependently movable RBF nodes are determined by an 

interpolation function as formulated by Equation 12 that defines the displacement of them 

in each Cartesian direction. The interpolation function can be approximated by the sum of 

the radial basis functions as follows: 

      XpXXXS
N

j

jj 
1

  (12) 

where  jjjj zyxX ,,  is the coordinates of the RBF control nodes, i.e., the centers of the 

radial basis function at which the displacement,  XS , are known, p  a polynomial, N  

the number of RBF control nodes and   a given radial basis function with respect to the 

Euclidian distance  . In the present study, the radial basis function   is defined in 

terms of Wedndland’s C2 function as in Equation 13 and p  is a linear polynomial 

defined as Equation 14.  

      141
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The coefficients 
j  and 

jc  are determined by the interpolation conditions, 

described by Equation 15, and an additional condition defined by Equation16. 

   NjfXS jj ,...,1,   (15) 

where 
jf  denotes the already known displacements on the RBF control nodes. 
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The values of 
j  and 

jc  are obtained by solving the linear system 
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where  TN ,,, 21  ,  Tccccc 4321 ,,,  and  TNffff ,,, 21  . The elements of the 

matrix M  and P  are defined as  

   NjiXXM jiji ,...,1,,,   (18) 

   4,...,1,,...,1,,  jNiXpP ijji  (19) 

After the coefficients of the interpolation function are obtained, the displacements 

of all the NURBS control points can be evaluated using Equation 12. In this way, the 

modified hull surface is obtained. Note that the displacements of the NURBS control 

points are interpolated separately with respect to each Cartesian direction. 

2.3 Grid Generation 

After the modified ship hull form is obtained, an automatic NURBS-based grid generator 

is developed to discretize the hull form into isotropic triangular meshes. Since NURBS 

surfaces are parametric representations, the discretization of it will involve a grid node-
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finding process on the tangential plane in the three-dimensional model space and a back-

projecting process onto the parametric two-dimensional space.  

In the development of the grid generator, two problems are needed to be solved. 

The first problem is the difficulty to deal with those complex shapes with high 

curvatures, typically featured in the bulbous bows area. Near those areas, poor 

parameterizations usually happen because the mapping or projection matrix tends to be 

singular. It may cause the mesh to be highly skewed. Ways to alleviate this problem was 

discussed by Samareh-Abolhassani for both structured meshes[67] and unstructured 

meshes[68]. For unstructured meshes, the problem is usually solved by first downgrading 

the original surface into a set of approximated or simplified surfaces with good 

parameterizations[68][69], such as bilinear patches or Bézier patches. Then the grid nodes 

are generated on them and projected back onto the NURBS surface in the end by the 

Newton-Raphson method. Using this method, the grid generation process will not be 

interrupted in the middle due to the singularity of the projection matrix. A complete grid 

can be ensured. However, the point projection process in the end still requires well-

conditioned projection matrices in the poor parameterization area. Sometimes, some grid 

nodes in a strong singular area have to be skipped for the back-projecting process. Due to 

the high curvature of the bulbous bow area, the distance between a grid node found on 

the tangential plane and its projection may be of the same order of magnitude with the 

displacement of the control points in the bow area. If the grid node is skipped to be 

projected in this case, the variations from the surface modification cannot be effectively 

reflected in the optimization process. Thus, all the grid nodes are expected to be on the 



29 

 

original NURBS surface. In this study, a method to generate grid nodes directly on the 

NURBS surface is to be developed for the shape optimization problem. The second 

problem to be solved is to guarantee the efficiency of the grid generation process since it 

is developed for being able to be integrated in an iterative optimization problem. 

Research focuses may include well designed data structures that improve its runtime 

efficiency. 

In this study, the grid generation tool utilizes the Advancing Front Method (AFM) 

and a Quasi-Newton projection technique to generate isotropic triangles on NURBS 

surfaces. In AFM, meshes are grown from the boundaries into the domain till it is fully 

covered. The specific algorithmic steps of this method can be found in Löhner’s 

papers[70][71]. The following sub-sections will begin with an overall introduction on how 

the algorithmic steps of AFM are applied on a NURBS surface. In the second sub-

section, the singularity problem will be described in detail and a Quasi-Newton 

Projection technique with a modified projection matrix will be put forward to solve the 

singularity problem. The third sub-section substantiates how the Octree data structure is 

implemented in order to guarantee the efficiency of this grid generator. In the end, results 

will be presented to show the mesh quality and the code speed. Generally speaking, its 

performances on both the mesh quality and the CPU speeds are satisfactory enough to be 

integrated into an optimization process.  

2.3.1 Advancing Front Method on NURBS 

The procedure to apply AFM on a NURBS surface is depicted in Figure 8 and is 

described as follows: 
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1. The boundary interpreter is used to define the boundary as NURBS curves. The fronts 

are generated by discretizing the NURBS curves with a uniform mesh size 
sE  using 

the Direct Algorithm in Cuilliere’s paper[72]. 

2. The front advancement process starts from a front discretized off a boundary curve. 

For a current front, perform the steps as follows: 

2.1 Ideal position: suppose an equilateral triangle is to be generated, calculate a new 

point C  on the tangential plane defined by the front edge AB  and the tangential 

vector Lz  of the NURBS surface, where LLL yxz  , uvL SSy   and 

ABxL // , as shown in Figure 7. 

 

  

 Figure 7 Determination of Ideal Node Position  

 (Left: Parametric Space; Right: Model Space) 

 

 

2.2 Node selection: search if a node exists in the already generated grid close to the 

new point C . A search radius r  is set for the proximity test. If there is such a 

node, take it for the to-be-generated triangle. If not, project the new point back 

onto the NURBS surface and take its projection as the new node. 
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2.3 Intersection check: before generating the new triangular element, perform the 

intersection check to prevent the new element from crossing any exist ones. 

3. Add the new element, node and fronts into their respective data structures if step 2 is 

successful. Fronts are stored in the heap lists[73]. Delete the current front AB  from the 

heap list. If there are any fronts left in the heap list, repeat the steps 2 ~ 3. 
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1 Set up fronts:  
Discretize 
boundary 

NRUBS curves. 

For a front 

2.1 Ideal Position:  
Define the equilateral 
triangle node in the 

tangential surface. 

2.2 Node Selection:  
Search if a node exists in the already 

generated grid close to the new point. 

2.3 Intersection Check:  
Prevent the new generated triangle 

from crossing any existing ones. 

If  Step 2 is 
successful ? 

3 Add the new element, 
node and fronts:  

Store them in heap lists. 

Yes 

No 
Mark the front 

as a failure 

Any fronts 
left in the 
heap list? 

End of the process 

No 

Yes 

 Figure 8 Flow Chart of Advancing Front Method on NURBS  
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As stated above, the points calculated on the tangential planes are projected back 

onto the NURBS surface in the grid generation process. All mesh nodes are exactly on 

the NURBS surface. In some poor parameterization area, the mapping or projection 

matrix tends to be near singular and the resulting element is to be skewed. From the view 

of topology, no skewed element is expected to grow during the process of grid 

generation. Even one such element will involve subsequent poor advancing directions. 

The errors incurred will accumulate and lead to a failure of the method or a bad grid that 

is not qualified for CFD evaluations. This phenomenon will be shown mathematically 

and the modified projection matrix will be put forward in the following section 2.3.2 to 

avoid this problem. 

To accelerate the code, the well-designed tree structures are adopted. The fronts 

are stored in the heap lists, a binary tree structure. There are three heap lists with respect 

to different members: all fronts with the key as the real front length, fronts to be 

advanced from with the key as the fake front length, which is related with their front 

number, and the failure fronts. The reason to use the fake front length will be covered 

later. The heap list guarantees the front to start with is always on the top of the list. 

Besides, its tree structure assures the efficiency of the searching, insertion and deletion of 

a member. It was proved that the insertion and deletion take  heapNO 2log  operations on 

average. In addition to the heap list, the octree contributes the most for speeding up the 

code. Specifically, the usage of the octree structure reduces the data to be searched by 

87.5%. It takes  nodeNO 8log  operations on average to locate points inside a search region. 

Due to the utmost usage of it, the code speed can be optimized to realize a linear run-time 
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efficiency performance with respect to the number of elements. Results about the CPU 

times versus the number of elements are presented in section 2.3.4. The octree structure is 

implemented in four fields: the boundary curve discretization, the node selection during 

the front advancement, the intersection check and the suture of multiple patches. 

Accordingly, the three-dimensional points stored in these four octrees are the initial guess 

points, the element nodes on the fronts, the middle points of the element edge and the 

boundary nodes. The details of the implementation of the octree data structure are 

included in section 2.3.3. 

There remain some minor clarifications. (i) The reason for using the fake front 

length is to balance two following factors. In order to avoid a larger element from 

crossing over the regions of smaller elements, the shortest front is preferred to be started 

from. On the other hand, the topology development is also expected to be under control 

so that the meshes can be constructed from the boundary to the central area in some 

proper order. Since the grid generation is based on a uniform mesh size here, the fake 

front length is assigned as the element size plus a factor which is related to the front 

number. (ii) The search radius for the node selection is of major interest[74][75]. The value 

selected for this grid generator is based on experiences from a series study. And it will be 

included in section 2.3.4. (iii) There are several cases for a front to be judged as a failure. 

Except for the case of failing intersection check, the skewedness of the triangle calculated 

on the tangential plane and the distance between the new point and its projection on the 

NURBS surface etc. are also examined. If a front fails, it is expected to be counted into 

an element from another advancing direction. (iv) In some areas with a poor 
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parameterization, the intersection check in the two-dimensional parametric space fails to 

reflect the real situation. Thus, the intersection check is performed first in the parametric 

space. Then the result in the three-dimensional model space is double checked, if the 

former check fails. An octree is utilized to search for nearby fronts to be checked. A 

current front is considered to be crossed over if it is intersected in the two-dimensional 

parametric space, or else if in the three-dimensional space it is intersected on the plane of 

the newly advanced triangle by a projection of any nearby front on that plane  when the 

distance between them is smaller than 0.2 Es. (v) In the point projection process, 

sometimes situations in which the projection of the ideal position falls out of the 

parametric range will be encountered. In this situation, it is projected onto the crossed-

over boundary curve. (vi) In the last stage of the mesh generation where most of the front 

edges are close, slender spaces may be left to be covered. In this case, all fronts are 

marked as failures and the selected search radius r won’t work for the node selection. A 

growing factor  1fg  is used to grow the searching criteria so that after several swaps of 

the advancing front heap list and the failure front heap list, the whole domain will be 

fully covered. (vii) Element diagonals swapping and laplacian smoothing are conducted 

after the whole domain is fully covered. 

2.3.2 Singularity and Quasi-Newton Projection 

Let’s say O  is a point to be projected on a NURBS surface S  defined by Equation 9. 

The vector  vuSOr ,  inclines to become vertical to the surface through the 

projection process, namely a Newton-Raphson iterative process, see Figure 9. 
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At each iterative step i , a 22  system of linear equations given by Equation 20 

is solved.  

 iiiJ    (20) 

where 
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 Figure 9 Projection Process 

 

 

If O  is close to the NURBS surface, each step can be converted to a vector 

inversion problem that is described by the Jacobian matrix. 

 




















2

2

vvu

vuu

i
SSS

SSS
J  (23) 



37 

 

Usually, for a NURBS patch with a good parameterization, the iso-parametric curves are 

orthogonal everywhere. This means the term vu SS   is always zero and thus the 

projection matrix is definitely well-conditioned. However, to represent complex 

geometries, there may exists areas with poor parameterizations where vu SS // , see Figure 

10 the red dotted area. Near those areas, the matrix tends to be singular, because usually 

uS  and vS  are with the same order of magnitude. And the consequent bad solution will 

end up with a skewed element or even worse a vu   pair falling out of the parametric 

range. Besides the singularity caused by the poor parameterization, the real singularity 

point where uS  or vS  is zero could also be encountered. 

 

  

 Figure 10 Poor Parameterization Area (Usually near bulbous bows) 

 

 

To avoid the singularity problem, the modified projection matrix defined by 

Equation 24 is used. 
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By forcing the term 0 vu SS , the singular areas are locally approximated by the 

orthogonal parameterizations. The limit L  is a positive number chosen under the 

foreknowledge of the average magnitude of the first derivatives. Thanks to the affine 

invariance property of the NURBS, it is easily realized through the scaling of the NURBS 

surface and its knot vectors so that the mapping factor PM CCf /  is of 110 , where 

MC  is the length of a curve in the model space and PC  the length of its parametric 

mapping. 0.11.0  fL  is used here to replace the flats with the linear slopes so 

that the Newton iterations will not fail during the projection process. For a projection 'O  

located upon the real singularity point, the right hand side   is zero and thus the 

respective solution u  or v  is zero. As a result, the projection track will naturally stop 

at a point near the real singularity point.  

The convergence criteria (Equation 25 ~ 28) are given by the point coincidence 

condition, the zero cosine conditions, the parametric space variation conditions and the 

model space variation condition. A max number of iteration is also set in case of any 

infinite loop. 

 1r  (25) 

 2




rS

rS

u

u
 and 2





rS

rS

v

v
 (26) 

  minmax3 uuu    and  minmax3 vvv    (27) 

 svu ESvSus 3  (28) 
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Since the ideal position is calculated on the tangential plane, theoretically the 

projection could be found by the direct mapping, namely the first step iteration, if the 

Jacobian matrix is well-conditioned and the geometric curvature is small. In this case, the 

efficiency of the presented method is unquestionably guaranteed at most. Thus, in this 

study, the direct mapping is first performed on the vector MC , see Figure 7, to obtain a 

good initial guess for the subsequent iterative process. If the Jacobian matrix is well-

conditioned, the solution uuu m 0  and vvv m 0  is taken as the initial guess for the 

following Newton iterations. Otherwise, the middle point of the front muu 0  and mvv 0  

is taken as the initial guess. In this way, there cost no extra efforts for finding close initial 

guesses for the Quasi-Newton iterations. In addition, most areas with good 

parameterization have the convergence rate that is almost equal to the direct mapping and 

are thus naturally filtered out. It only takes the code longer iterative steps to find 

expensive solutions near singular areas. Accordingly, skewed elements are avoided. 

2.3.3 Implementations of Octree 

As mentioned earlier, the implementations of the octree structure will be detailed in four 

fields in this section. An octree is a tree data structure in which each internal node has 

eight children. It is often used to partition a three-dimensional space by recursively 

subdividing the space into eight octants. In this study, the subdivision point is implicitly 

the center of the space, for which the tree node represents. The root nodes are defined 

based on the bounding boxes. The three-dimensional points are stored in the leaves. The 

proximity search is the major use of the octree structure in this study. Its use in the 
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intersection check and the suture of multiple patches are from the idea of the collision 

detection, which is a common use of the octree structure in the game industry. 

2.3.3.1 Boundary Curve Discretization 

After the treatment by the boundary interpreter, a boundary is represented by a pair of 

NURBS curves, a model space curve MC  and its mapping curve PC  in the parametric 

space. 
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   zyxPi ,,  and    vuQ j ,  are the control points in the model space and the parametric 

space. Cuilliere’s Direct Algorithm[72] is used to discretize the model space curve MC . 

For a desired element size sE , 
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where 1/ NN ,  sM EdCN /1  and N  is the nearest integer to 1N . In this study, the 

curve is integrated by Romberg Integration to calculate its length. Newton’s Method is 

used to find the discretizing nodes  O  with the initial guesses  0t  given by several 

steps of Interval Bisection. 

Before building the fronts from the discretizing nodes    zyxO ,, , their 

mappings    vuo ,  in the parameter space are needed so that the front advancement 



41 

 

can start from the boundary curves. This is realized through the point projection with the 

initial guesses given by the octree structure. An Initial Guess Tree is co nstructed 

beforehand by storing Nc  points  P , c  a constant, evenly evaluated on 'T of the 

parametric curve  'tCP  and mapped to the model space through  vuS , . 

              zyxPvuQt vuStCP ,,,' ,'
    (32) 

Given a discretizing node O , a nearest point in  P  is found by performing a proximity 

search in the octree. Then, the parameters of the nearest point are taken as the initial 

guesses  00 ,vu  for the point projection of O . Since the projection 'O  is actually O  

itself,    vuovuo ,',   is obtained in this way. 

2.3.3.2 Node Selection 

In the front advancement process, the node selection is performed after an ideal position 

is calculated. Near the ideal position, a search is intended to check if a node exists in the 

already generated grid. This is also achieved by the proximity search in the octree 

structure. Before the front advancement process, an Advancing Tree is created based on 

the bounding box of the NURBS patch to be discretized. After building up fronts from 

the boundary curves, all nodes on the fronts are inserted into the octree. Different from 

the tree implemented in the boundary curve discretization, the octree here is required to 

be kept updating so that it always contains only the nodes on the advancing fronts. In 

another word, nodes are inserted into and deleted from the tree during the grid generation 

process. 
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2.3.3.3 Intersection Check 

Another important usage of the octree structure is the collision detection. Generally, it 

refers to the computational problem of detecting the intersection of two or more objects. 

This idea is applied on the intersection check in this study. For a newly generated  

triangle, its two grown edges are examined by the intersection check to prevent them 

from crossing any existing ones. Based on the same bounding box of the Advancing Tree, 

an Intersect Tree is created before the front advancement process. In this tree, all the 

edges of an existing grid are conveyed. The edges are embodied by their middle points 

that are actually stored in the tree. For an edge to be checked, a proximity search is 

performed to find all its nearby edges. Then, the parameters and coordinates of their end 

points are obtained for the intersection check. In terms of this tree, there are only edges to 

be inserted during the grid generation process. 

2.3.3.4 Suture of Multiple Patches 

Usually, a ship is represented by multiple NURBS patches, see Figure 3, except for the 

cases of extremely simple geometric characteristics. Multiple patches representation is 

advantageous from the manufacture’s point of view because different parts of the ship 

body may require different manufacture processes. It is also favorable for the grid 

generation since the derived data structures can be controlled under medium sizes. 

Typically, for the tree structures, the number of levels is expected to be small for not 

sacrificing the searching efficiency. However, it brings the problem of suturing multiple 

patches. The grids with consistent connectivity are preferred for CFD evaluations. The 
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problem of suturing multiple patches can be degenerated to the problem of detecting 

collision of the boundary grid nodes.  

A Merge Tree is defined on the basis of the global bounding box. When the 

boundary curves are discretized, the boundary nodes are inserted into the Merge Tree 

after a proximity search is carried out. Since the uniform mesh size sE  is utilized, the 

number of nodes on the seam is predetermined. Suppose a NURBS surface patch has 

already been meshed and we are working on discretizing the seam curve from its 

neighbor’s side. For a boundary node on that seam, the proximity search will find a 

nearest point in the octree coincident with the node itself. In this case, a node collision 

happens. At the same time its current two-dimensional parameters will be updated for the 

next front advancement process on the neighbor patch. 

2.3.4 Mesh Quality and Code Speed 

Figure 11 illustrates a mesh generated from the DTMB5415 Combatant ship shown in 

Figure 3 with the corresponding bulbous bow feature and its mapping in the parametric 

space. The bulb is depicted by a close-up with fine meshes. As shown by the figure, the 

grid generator is capable of sewing up multiple patches and featuring bulbous bow area. 

Most triangle elements obtained are nearly equilateral.  
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 Figure 11 Three-Dimensional Mesh and Two-Dimensional Mapping (Ship: DTMB5415 Combatant) 

 

 

In this study, two indicators are used to measure the quality of the triangulation. 

The first indicator iK  is commonly used to quantify the shape of elements[75]. For a 

triangle iT , 

 

max

32
l

r
K ins

i   (33) 

where insr  is the inscribed circle radius and maxl  is the max edge length of the element.  

Evidently, iK  equals 1.0 for equilateral triangles and 0.0 for flat triangles. In addition to 

the examination of the shape, the second indicator 
*

iK  is used to quantify the conformity 

to the desired mesh size. 
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where 
iTA  is the area of a triangle iT  and sE  is the uniform edge mesh size. Apparently, 

*

iK  equals 1.0 when the area of the triangle is equal to the desired size. 

To examine the qualification of the grid generator to serve for the ship 

optimization, two aspects are the focuses: the mesh quality and the code speed that are 

presented in the following sub-sections.  

2.3.4.1 Mesh Quality 

In this study, three benchmark hull forms are selected for performing simple statistical 

analyses on the mesh quality indicators. They are the Wigley hull, the Series60 cargo ship 

and the DTMB5415 combatant. The choice of them is based on our intention to cover 

common shape features of ships’ geometric characteristics, i.e., the bulbous bow, the 

fuller mid-body of cargo ships and simple parabola forms. 

It is mentioned earlier that a series study is performed to help determine a proper 

search radius for node selection. The results of the study are presented in the Table 1. The 

values r=Es and r=0.75Es are suggested by Peraire et al.[74] and Cuillière[75] respectively. 

Observe that r=0.55Es leads to better conformity to the desired mesh size. In addition, the 

respective mesh quality is commensurate with the case of r=0.75Es. Thus, r=0.55Es is 

selected as the search radius for this grid generator. 
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 Table 1 Comparison of Three Searching Radii 

 DTMB5415 Series60 Wigley 

Nele r(×Es) Ki Ki
* Ki Ki

* Ki Ki
* 

0.5×104 

1.00 0.964 1.043 0.959 1.066 0.972 1.038 

0.75 0.965 1.039 0.960 1.055 0.975 1.022 

0.55 0.965 1.036 0.960 1.052 0.976 1.006 

1.0×104 

1.00 0.969 1.032 0.966 1.055 0.977 1.030 

0.75 0.970 1.026 0.970 1.035 0.979 1.019 

0.55 0.969 1.026 0.970 1.034 0.981 1.005 

3.0×104 

1.00 0.975 1.025 0.979 1.033 0.986 1.020 

0.75 0.977 1.019 0.980 1.029 0.987 1.013 

0.55 0.977 1.015 0.980 1.025 0.987 1.013 

 

 

Figure 12 and Figure 13 show respectively the distribution of the mesh quality 

indicators iK  and 
*

iK  with histograms, based on three hull meshes with the number of 

elements near to 104. iK  exhibits an obvious skewed distribution. From the figures, about 

80% meshes are nearly equilateral triangles and are near to the desired  size. For the 

Wigley hull that features simpler shape, the percentage of good meshes is higher. 

Figure 14 and Figure 15 show the zoomed-in box plots of the same distributions 

as shown in Figure 12 and Figure 13. The outliers are omitted in the figure to have a clear 

canvas. Here we clarify that they are taken as numbers excluded from the range that 

spans 1.5×Inter-Quartile Range (IQR) below the first quartile to 1.5×IQR above the third 

quartile. From the figures, it is observed that for different geometries the distributions of 

iK  and 
*

iK  tend to be similar. Most elements gather in good areas, namely IQR, where iK  

and
*

iK  are close to 1.0. Also, for the Wigley hull, the crowdedness is more obvious. This 
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is due to its geometric simplicity. For iK , the medians stand in the upper part of IQR 

,which emphasizes its skewed distribution. In other words, the good elements in the IQR 

of iK  display the same skewed pattern as the one for the whole data range. It says that the 

good elements tend to pile themselves toward the target 0.1iK . In general, from Figure 

12 ~ Figure 15, it can be concluded that for different geometries, the grid generator is 

able to generate meshes with consistent patterns of distribution and most elements are 

with good qualities and at the same time respect to the desired size. 

 

 

  

 Figure 12 Distribution of Ki (Histogram) 
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 Figure 13 Distribution of Ki
* (Histogram) 

 

 

  

 Figure 14 Distribution of Ki (Box plot) 
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 Figure 15 Distribution of Ki
* (Box plot) 

 

 

  

 Figure 16 Distributions of Ki about Nele for DTMB5415 
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 Figure 17 Distributions of Ki
* about Nele for DTMB5415 

 

 

  

 Figure 18 Distributions of Ki about Nele for Wigley 
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In order to qualify the meshes for different kinds of CFD evaluations, such as 

potential flow studies that handle relatively coarse meshes and Reynolds Averaged 

Navier-Stokes (RANS) simulations that demand refined meshes, the grid generator is 

expected to be able to generate meshes of different element sizes. In terms of different 

element sizes, the consistency of the mesh quality is also examined. To expel the 

geometric factor, we selected the DTMB5415 combatant for its complex bulbous bow 

feature and the simple shaped Wigley hull.  

Figure 16 ~ Figure 19 show the distributions of iK  and 
*

iK  about eleN  with box 

plots (means denoted by the square points) for both the ships. For different eleN , the 

meshes exhibit consistent patterns of distribution. Besides, with the increasing eleN , the 

patterns shrink with the data gathering closer and closer toward the targets and tend to 

converge to a stable and the best distribution. In another word, the more the number of 

elements, the closer the distribution of mesh quality reaches to the best pattern. If it is 

supposed, from the topology’s point of view, that the best possible pattern is 

predetermined by the shape of a NURBS surface, this tendency shows the grid generator 

is capable of getting rid of the skewed elements incurred by the singularity. In summary, 

the grid generator is able to deal with different mesh sizes with a good and stable 

performance. 
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 Figure 19 Distributions of Ki
* about Nele for Wigley 

 

 

2.3.4.2 Code Speed 

As the grid generator is designed for the shape optimization, it is expected to be efficient 

enough. In this study, the code speed is examined about the number of elements eleN  

from 0.5×104 to 10.0×104. Figure 20 shows the CPU times used by the grid generation 

process for the three ships together with the linear regression fits. The test is performed 

on a single core of a DELL workstation with Intel Xeon processors E5645 at 2.40GHz. 

Observe that the time required to build a grid is almost linear with the number of 

elements. This demonstrates that with the proper usage of the tree structures, the 

triangular grid generator requires only  eleNO  operations.  
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For the number of elements around 1×104 required by SSF used in the second 

module, the toolkit is able to generate the expected mesh of a deformed hull form in 

about 2 sec. With RANS simulations that require more refined meshes, for example 

10×104, the time consumed is less than a half minute. In conclusion, the developed grid 

generator is qualified for the ship optimization. 

 

  

 Figure 20 CPU Time for Grid Generation of Three Ships 

 

 

2.4 Summary 

Chapter 2 presents the developed geometry manipulation toolkit, the first module of the 

computational tool that consists of three components: the pre-processor; the surface 

modification and the grid generation. The pre-processor has an I/O interface of NURBS 

definition files (IGES/3DM). It is able to control the attitude (trim and sinkage) of a ship 

through rigid transformations, cut the waterline and interpret the boundaries on a ship 
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hull form with/without waterline intersection. The pre-processed hull forms are then 

modified by the hull surface modification technique that consists of a direct NURBS-

based form modification approach to generate the bulbous bow and/or stern and a RBF-

based hull surface modification approach to vary the ship hull form in the optimization 

process. The automatic grid generator is developed using the AFM to discretize the 

deformed ship hull forms into unstructured triangular meshes. A Quasi-Newton 

projection technique is used to solve the singularity problem in the point projection 

procedure. The performances of the automatic grid generator on both the mesh quality 

and the CPU speeds are satisfactory, so it is qualified for being looped into an 

optimization process. The objective function of each deformed and meshed hull form is 

evaluated by the second module, i.e., the CFD solver SSF at the designated speeds. 
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3. SURROGATE MODEL 

After the data sampling process conducted by the first and the second module, a surrogate 

model intended for alleviating the computational burden is constructed to approximate 

the simulation model. The surrogate is constructed by a Kriging[52] model based on a set 

of sample points generated by Latin Hypercube Sampling (LHS)[47]. Kriging model is 

based on a geo-statistical Gaussian process regression technique. There are many types of 

Kriging models[53] which include ordinary Kriging, universal Kriging, co-Kriging and 

blind Kriging. The ordinary Kriging, for its simplicity and popularity in the engineering 

sciences, is selected in this study. In order to deal with problems with different sampling 

sizes, a scaling method is put forward and applied on the design space to prevent the 

correlation matrix from being non-positive-definite. The construction of the Kriging 

model is through an optimization of its model parameters. The model parameters are 

optimized using an evolutionary algorithm, i.e., the Differential Evolution (DE) algorithm 

that will be introduced in Chapter 4. After the response surfaces are built, the significance 

of each design variable and interactions between them can be investigated with respect to 

different objective functions through ANalysis of VAriable (ANOVA).  

In the sequel sections, the Kriging model developed for this computational tool 

will be presented in detail on both the construction of the model and its analysis 
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functionality. The model will be tested afterwards by different test functions with respect 

to different number of dimensions and sampling sizes. 

3.1 Kriging Model 

3.1.1 Brief Introduction of Ordinary Kriging 

The Kriging predictor can be expressed as  

     ˆ1ˆˆ 1


  yRrxy T
 (35) 

where  mxxxx ,,, 21 


 is an m-dimensional vector of design variables,  Tnyyyy ,,, 21 


an 

n-dimensional vector of response data at sample points, i.e., the objective functions, 1


 an 

n-dimensional unit column vector, and R  the nn  correlation matrix whose  ji,  

element is given by  
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The correlation vector between x


 and the n  sample points is  
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The mean term ̂  can be calculated as 
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The unknown model parameters, 


 can be estimated by maximizing the following 

likelihood function 
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 (39) 

where the variance term 2̂  can be calculated as  
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The maximization of the likelihood function is an m-dimensional non- linear 

optimization problem. The DE algorithm is used to optimize the model parameters. 

In Kriging model, the predicted value depends mainly on the distance from the 

sample points. The closer the evaluation point x


 is to the sample points, the more 

accurate the prediction  xy


ˆ  is. At the same time, it also provides an uncertainty 

indicator in its prediction. The Mean Squared Error (MSE) for a Kriging model is 

  
 













 







11

11
1ˆ

1

21
122 




R

rR
rRrxs

T

T
T  (41) 

that indicates the uncertainty of the estimated value. 

3.1.2 Scaling Method 

A common problem in an efficient construction of Kriging model is the non-positive-

definite of the correlation matrix, R . Observing Equation 36, the correlation matrix is 

symmetric because    ijji xxRxxR


,,  . It is necessarily a positive-definite matrix to be 

invertible.  

This correlation function has an obvious property that if ji xx


  , the correlation 

is 1, and as  ji xx


, the correlation approaches to 0. The parameter k determines 

the diminishment of the correlation when traversing the k th direction of the design space. 

Large values of k are intended to be obtained from the optimization of model parameters 

when the model function is highly active, i.e., more sample points and hence shorter 
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intervals between them if evenly distributed in the k th variable. In this case, imaging if a 

vector of very small values of k  is encountered by chance in the evolutionary-based 

optimization of the model parameters, the correlation matrix will tend to be non-positive-

definite and singular. Thus the inversion of R  would be difficult and meaningless. With 

no doubt, this situation could be encountered, since the parameters k  are theoretically 

unconstrained nonnegative numbers. In order to avoid this problem, a scaling method is 

put forward to control  j

k

i

k xxO   and prevent the non-positive-definite of R  induced by 

big sampling sizes. 

The scaling method involves two parameters aC  and bC , 

 
m

n
Ca

10
  (42) 

 
ab CsC   (43) 

where n  is the number of sample points, m  the dimension and s  a tuning factor given 

by 

 










1,

1,001.0

mm

m
s  (44) 

The sample points are scaled to the range 

 ]
10

,0.0[
mC

n

b

 (45) 

for each direction of the design space. Using the scaling method, the  j

k

i

k xxO   is 

controlled to be within the acceptable range for numerical computations associated with 

different sampling size n . 
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The DE algorithm is used to optimize the model parameters and appraise the 

accuracy of the surrogate model. A proper initialization of the first generation of model 

parameters in the evolutionary optimization is very important for the convergence to the 

optimal model parameters. The usage of the scaling method makes it possible to employ 

the same  initialO 


 for the optimization of the model parameters for problems with 

different dimensions m . A bounding set  0.1,0.0  is utilized for the initialization of 

initial


. The optimization is conducted by  150,30  generations of evolution, with the 

number of generations specified by Equation 46. The developed Kriging model is tested 

on different test functions, with up to twenty dimensions and two hundred sample points. 

The results obtained are agreeable and will be presented in a later section. 

 
  

150,30

,,maxmin





gengen

gengengen

MAXMIN

MAXMINnN
 (46) 

The developed scaling method ensures that most offspring of model parameters 

generated in the DE evolution deliver a positive-definite correlation matrix. Thus, the 

inverse of the correlation matrix and its determinant can be efficiently computed by 

Cholesky factorization. A rank deficient test is conducted on the matrix before the 

factorization is performed in order to isolate the non-positive-definite correlation matrix 

possibly generated in the optimization process. A very large negative number is assigned 

directly to the value of the likelihood function, if the rank deficiency test fails. In this 

way, bad 


 will be knocked out and unnecessary computations are avoided directly 

during the optimization of model parameters. 
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3.1.3 Analysis of Variable 

Once the response surface is constructed associated with a specified objective function, 

ANOVA can be used to help analyzing the importance of each design variable. By 

decomposing the total variance of the model into the variance due to each design 

variable, the importance of them can be calculated. The decomposition is realized by 

integrating variables out of the model ŷ . The design space and the objective functions 

are normalized to  0.1,0.0  for the integration. A C package called Cubature is used for 

the integrations. It is based on an adaptive multi-dimensional integration technique of 

vector-valued integrands over hypercubes[76][77]. The total mean total̂  and the total 

variance 
2ˆ
total  of the model can be calculated as 

   mmtotal dxdxxxy   11 ,,ˆ̂  (47) 

    mtotalmtotal dxdxxxy    1

2

1

2 ˆ,,ˆˆ   (48) 

The main effect of the variable ix  and the two way interaction between the 

variables ix  and jx  are given respectively as 

     totalmiimii dxdxdxdxxxyx  ˆ,,ˆˆ
1111     (49) 

 
   

    totaljjii

mjjiimjiji

xx

dxdxdxdxdxdxxxyxx





ˆˆˆ

,,ˆ,ˆ
111111,



    (50) 

The variance due to the design variable ix  is given as 

    iiii dxx
22 ˆˆ   (51) 
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The proportion of the variance 2ˆ
i  to the total variance of the model 2ˆ

total  indicates the 

effect of the design variable 
ix  on the objective function. 

 
2

2

ˆ

ˆ

total

i

xi
Effect




  (52) 

Similarly, the variance due to the two way interaction between the design variables ix  

and jx  is given as 

    jijijiji dxdxxx
2

,

2

, ,ˆˆ   (53) 

The proportion of the variance 
2

,
ˆ

ji  to the total variance of the model 
2ˆ
total  indicates the 

effect of the two way interaction between the design variables ix  and jx  on the objective 

function. 

 
2

2

,

,
ˆ

ˆ

total

ji

xx ji
Effect




  (54) 

Theoretically, there exist multiple way interactions. However, for most design problems 

in which independent design variables are well selected, the effects due to individual 

variables usually sum up nearly to 100%. 

3.2 Validations on Test Functions 

The developed Kriging model presented in the former section is tested on six test 

functions as shown in Table 2. They are chosen in this study to include both even and 

rugged function landscapes. Except for the two-dimensional Rosenbrock and the multi-

dimensional Sphere, the other test functions are multimodal and therefore have many 

local or global minima. The multimodal property is very common in engineering, these 
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test functions are thus selected to check if the developed response surface is able to 

approximate the different terrains well. 

For the purpose of easy comparison, all the design variables and the function 

values are normalized to  0.1,0.0 . The quality of the model will be shown by: (i) the 

cross validation; (ii) the function plots for both the one-dimensional and two-dimensional 

functions, with contours for the two-dimensional functions; (iii) the error plots for both 

the one-dimensional and two-dimensional functions; and (iv) ANOVA for the N-

dimensional Sphere function in which case all variables should be of the same 

importance %
100

N
. 

The purpose of the cross validation is to compare an objective function evaluated 

at a sample point by SSF directly with its Kriging prediction on a response surface built 

by the rest of the sampling population. Good cross validation exhibits the evaluation-

prediction pairs that gather near the linear line xy  . From the results of cross 

validation, a rough estimate can be made on the quality of the surrogate model and more 

sample points can be added if it is not accurate enough. 
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 Table 2 Test Functions for Kriging Model and Single-Objective DE Problems 

m Name Expression x Range y Range 

1 

Forrester 
 et al. 

(2008) 
   412sin26

2
 xxy   0.1,0.0   0.20,0.10  

Gramacy 
 & Lee 

 (2012) 

 
 4

1
2

10sin
 x

x

x
y



 
 5.2,5.0   0.6,0.1  

2 

Branin 

  10cos
8

1
110

6
5

4

1.5

1

2

1

2

122





















x

xxxy





 

 0.10,0.5  
 0.15,0.0  

 0.350,0.0  

Rosenbrock    2

1

22

12 1100  xxxy  
 0.2,5.1  
 0.3,5.0  

 2026,0.0  

Ackley 

   1exp202cos
1

exp

1
2.0exp20

1

1

2


































d

i

i

d

i

i

x
d

x
d

y



 
 768.32.768.32  
 768.32.768.32  

 0.25,0.0  

N Sphere 



N

i

ix
N

y
1

21

 

 0.1,0.0   0.1,0.0  
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 Figure 21 Cross Validation on Kriging Representations of Forrester et al. (2008) with Different Sampling Sizes 

 

 

  

 Figure 22 Kriging Representations of Forrester et al. (2008) with Different Sampling Sizes 
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 Figure 23 Errors of Kriging Representations of Forrester et al. (2008) with Different Sampling Sizes 

 

 

Figure 21 shows the cross validation for the first test function, Forrester et al. 

(2008), with respect to three different sampling size. Figure 22 illustrates the Kriging 

representations and Figure 23 presents the errors of them. As a multimodal function, 

Forrester et al. (2008) has one global minimum, one local minimum and a zero-gradient 

inflection point. The Kriging representations perform well on capturing these features. 

With an increasing sampling size, the cross validation tends to approach the linear 

distribution and the errors tend to approach zero. The same trend is also found for the 

other one-dimensional test function Gramacy and Lee (2012), see Figure 24, Figure 25 

and Figure 26. For a multimodal function with rugged landscape, a bigger sampling size 

is preferable in order to accurately capture the fluctuant shape features.  
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 Figure 24 Cross Validation on Kriging Representations of Gramacy & Lee (2012) with Different Sampling Sizes 

 

 

  

 Figure 25 Kriging Representations of Gramacy & Lee (2012) with Different Sampling Sizes 
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 Figure 26 Errors of Kriging Representations of Gramacy & Lee (2012) with Different Sampling Sizes 

 

 

Figure 27, Figure 29 and Figure 31 shows the cross validation for the two-

dimensional test functions. Figure 28, Figure 30 and Figure 32 illustrate the contour plots 

for the two-dimensional test functions with respect to different sampling size and their 

errors. The functions are characterized by multimodality of global minima, see Branin; 

saddle-shaped deep valley, see Rosenbrock; and massive ruggedness of the nearly flat 

outer region and a large hole in the center, see Ackley. Similar trends are found as with 

the one-dimensional test functions. The Kriging models work well on the predictions of 

those various physical and shape features. The bigger the sampling size is taken, the more 

accurate the surrogate predictions. 

At the same time, from the cross validation, we can roughly predict whether a 

physical model is of smooth or sharp variations and with or without noisy information. 
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From Figure 31 with respect to Ackley, most of the evaluation-prediction pairs gather in 

the upper right area with respect to larger function values. Only a few data points are 

located in the area corresponding to smaller function values and they do deviate away 

from the linear line. From this observation, a deep hole can be interpreted from the plot 

with sharp variations in terms of the whole terrain and the sampling size over that area 

might not be big enough. In the real engineering applications, such observations suggest a 

shrink of the design space to identify the significant region. Furthermore, Ackley is 

selected here to represent those cases with noise and how Kriging model helps to smooth 

noise out and extract the primary feature of the landscape. 

From visual observations on the one-dimensional and two-dimensional test 

functions, the developed response surface based on Kriging model performs well in 

emulating different terrains. Figure 33 illustrates the test of the developed model on a 

high dimensional problem, Sphere function. The sampling size are chosen according to 

the thumb of rule mn 10 . The cross validation shows quite good linear distributions for 

the problems up to twenty dimensions and two hundred sample points. 
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 Figure 27 Cross Validation on Branin with Different Sampling Sizes 
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(a) Branin 

 
(b) Kriging with 20 Sample Points 

 
(c)  Error of Kriging with 20 Sample Points 

 
(d) Kriging with 30 Sample Points 

 
(e) Error of Kriging with 30 Sample Points 

 
(f) Kriging with 40 Sample Points 

 
(g) Error of Kriging with 40 Sample Points 

 Figure 28 Kriging Representations and Errors of Branin with Different Sampling Sizes 
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 Figure 29 Cross Validation on Rosenbrock with Different Sampling Sizes 
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(a) Rosenbrock 

 
(b) Kriging with 20 Sample Points 

 
(c) Error of Kriging with 20 Sample Points 

 
(d) Kriging with 30 Sample Points 

 
(e) Error of Kriging with 30 Sample Points 

 
(f) Kriging with 40 Sample Points 

 
(g) Error of Kriging with 40 Sample Points 

 Figure 30 Kriging Representations and Errors of Rosenbrock with Different Sampling Sizes 
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 Figure 31 Cross Validation on Ackley with Different Sampling Sizes 
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(a) Ackley 

 
(b) Kriging with 20 Sample Points 

 
(c) Error of Kriging with 20 Sample Points 

 
(d) Kriging with 40 Sample Points 

 
(e) Error of Kriging with 40 Sample Points 

 

(f) Kriging with 70 Sample Points 
 

(g) Error of Kriging with 70 Sample Points 

 Figure 32 Kriging Representations and Errors of Ackley with Different Sampling Sizes 
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 Figure 33 Cross Validation on Sphere with Different Dimensions and Sampling Sizes 

 

 

Sphere function is a good choice not only for testing the surrogate model’s 

capability of dealing with high dimensional problem, but also for validating the ANOVA 

functionality. Because when the Kriging is ideally close to the original Sphere, all the 

variables should weight equally. Three dimensions 3m , 6 and 10 , with mn 10 , are 

selected for the test and the results are shown in the Table 3. 

 

 Table 3 ANOVA of Sphere Function 

m  Weight of Each Variable (%) 
Sum 
(%) 

3 33.27 33.51 33.20 99.98 

6 16.81 15.06 16.94 16.41 16.90 17.27 99.39 

10 10.37 10.50 8.8 10.04 9.67 10.10 10.51 8.74 9.51 10.85 99.09 
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The results presented above show that the developed surrogate model is qualified  

for engineering design problems of different physical properties and of high dimensions. 

It will be qualified for approximating the simulation model for the hydrodynamic 

optimization problem with only seven design variables in this study, see Figure 6 for the 

setting-up of the design variables on different parts of a ship body with colored control 

points and with seventy sample points according to the thumb of rule mn 10 . 

3.3 Summary 

Chapter 3 presented a further developed ordinary Kriging model, the third module of the 

computational tool, intended to replace the Computational Fluid Dynamics (CFD) 

simulation model to evaluate the objective functions. A scaling method is put forward to 

avoid the non-positive-definite of the correlation matrix. The accuracy of the surrogate 

model is guaranteed by an optimization of the model parameters. The functionality of 

ANOVA is realized through the decomposition of the total variance of the model into 

those due to each variable and the two way interactions between them. The validity of the 

developed model and its ANOVA functionality are shown by testing the model on well-

selected test functions. This module will not only help boost the shape design process, but 

also provide insights on ways of selecting and weighting design variables for the 

optimization of different types of ships. 
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4. OPTIMIZATION SOLVER 

An evolutionary algorithm, Differential Evolution (DE) is selected to find the optimal 

solution on the surrogate model developed in the Chapter 3. In this chapter, the DE 

algorithms in terms of both the single-objective optimization and the multi-objective 

optimization are introduced. Variations of the algorithms based on a self-adaption of the 

control parameters are presented soon afterwards. The algorithms will be validated and 

compared on test functions. A summary of all the algorithms is given in the end. 

4.1 Differential Evolution 

Storn and Price[64][65] proposed the Differential Evolution algorithm in 1996 and it stood 

out many other acclaimed global optimization methods at that time. The basic idea is to 

perturb an individual by adding a vector difference in the mutation mechanism and a 

random crossover after the mutation. It requires two control parameters to steer the 

minimization, i.e., the mutation factor F  and the crossover factor CR . The selection of 

the off-springs is based on a greedy criterion. Its performance tested on non-

differentiable, non- linear and multimodal cost functions is positive. Since then, the DE 

has been further developed in terms of the algorithm itself and its applications in various 

areas. The algorithm was first proposed for the single-objective problems and it was later 

developed by Abbass[78] to fit for multi-objective problems. Advices on the choices of 

control parameters are provided in terms of problems with different physical properties in 
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specific applications. At the same time, schemes on the self-adaptation of the control 

parameters emerge in considerable speeds and numbers[79 ~ 82]. In this study, two simple 

self-adaptive methods are selected respectively for the single-objective and the multi-

objective DE algorithm.  

In the following sub-section, both the single-objective and the multi-objective DE 

algorithms integrated in this computational tool will be briefly introduced. The self-

adaptive DE schemes will be introduced afterwards. 

4.1.1 Brief Introduction of DE 

Before moving to the specific algorithms, some notations are better to be clarified. To be 

consistent with the same concepts in the surrogate model, we denote by m  the dimension 

of the optimization problem, i.e., the number of design variables,  Tl

m

lll

kG xxxx  ,, 21


 an 

individual l  at generation k , n  the population size for each generation, 4n  and the 

thumb of rule for n  is as same as Kriging’s data sampling process mn 10 , 

 n

kGkGkGkG xxxP  


,,, 21
 a population at generation k . 

4.1.1.1 Single-Objective DE 

Initialization 

In the Single-Objective DE, each individual in the initial population, 

 n

GGGG xxxP 0

2

0

1

00 ,,,  


, is initialized as 

 
        

minl

xlowerxupperrandxlowerx iiii

l

Gi

,,2,1,,,2,1

0.1,0.00,




 (55) 
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within its boundaries     ii xupperxlower ,  of design variables, where  0.1,0.0irand  is a 

random number generator. 

The evolution is based on two operations, the mutation and the crossover.  

Mutation 

The operation to generate a new individual by adding the weighted difference 

between two individuals to a third one is called mutation, formulated as 

  213

111

r

kG

r

kG

r

kG

l

kG xxFxv  


 (56) 

with random selected integer indexes  nrrr ,,2,1,, 321   being mutually different and at 

the same time also different from the running index l , and the mutation factor

  0.1,0.0F  controlling the amount of perturbation added to the main parent 3

1

r

kGx 


. 

Crossover 

In order to increase the diversity of the perturbed populations, crossover is 

introduced to yield the trial individual kGx 



. 

 
 

otherwise

iiCRrand

x

v
xmi

randi

l

kGi

l

kGi

kGi
,

0.1,0.0,
,

1,

,

,












  (57) 

where  0.1,0.0rand  is the random number generator, 
randi  a random chosen integer 

 mirand ,,2,1   and the crossover factor  0.1,0.0CR  controlling the percentage of 

the mutated variables to be inherited. 

Repair and Selection 

After the mutation and crossover, a repair mechanism is applied in case any 

design variable of the new individual falls outside its boundary. The selection is 
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performed afterwards based on a greedy criterion. If the trial individual 
kGx 




 yields a 

better objective function than the old one 
l

kGx 1


, it is selected to survive; otherwise the 

old one is retained. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 let G denotes a generation, P a population of size n , and 
l

kGx 


 the l th

 individual of 

dimension m  in population P at generation k , and F  the mutation parameter and CR  

the crossover probability. 

 input m , 4n ,   0.1,0.0F ,  0.1,0.0CR ,and initial bounds: 

    mixupperxlower ii ,,2,1,,   

 initialize  n

GGGG xxxP 0

2

0

1

00 ,,,  


 as  

for each individual 
0 GPl  

                mixlowerxupperrandxlowerx iiii

l

Gi ,,2,1,0.1,0.00,   

end for each 

evaluate 
0GP  

1k  

 while the  stopping  criterion  is  not  satisfied   do 

for all nl   

    randomly  select  nrrr ,,2,1,, 321  , 
321 rrrl   

    randomly  select  mirand ,,2,1   

   for all  kGixmi ,,  

       
   

otherwise

iiCRrand

x

xxFx randi

l

kGi

r

kGi

r

kGi

r

kGi

,

0.1,0.0,

1,

1,1,1,
213 





 




 

   end for all 

   
   

otherwise

xfxf

x

x
x

l

kG

l

kG

kGil

kG
,

, 1

1

, 











 










 

                end for all 

                evaluate 
kGP 

 

                1 kk  

end while 

 return the  best  encountered  solution  x . 

 Figure 34 Differential Evolution (DE) Algorithm 
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The basics of DE are briefly introduced above. The algorithm is summarized in 

Figure 34, cited from Abbass[78] for the ease of comparison with the Multi-Objective DE 

presented in the later sub-section. 

4.1.1.2 Multi-Objective DE 

The Multi-Objective DE developed by Abbass, Pareto-frontier DE (PDE), is employed in 

this computational tool to solve the multi-objective problems. A pareto frontier is a set of 

optimal solutions of a multi-objective optimization problem usually with the presence of 

conflicting objective functions. There is no single solution that simultaneously optimizes 

each objective function. In another word, it is impossible to make one objective function 

better without making another worse. The algorithm is summarized in Figure 35, which is 

also cited from Abbass and can be compared with Figure 34 for the ease of 

understanding. It is similar to the Single-Objective DE except for the following 

modifications of the algorithm idea: 

1. The initial population is initialized according to a Gaussian distribution 

 15.0,5.0N . 

2. The mutation parameter F  is generated from a Gaussian distribution  0.1,0.0N . 

3. Reproduction is only among non-dominated solutions in each generation. 

4. Offspring survive if they dominate the main parent. 

In order to control the convergence efficiency, Abbass used a threshold of fifty for 

the number of non-dominated solutions in each generation. If it exceeds this threshold, a 

nearest neighbor distance metric is used to remove those individuals who are very close 
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with each other. For a specific individual, the nearest neighbor distance is the average 

Euclidian distance between the closest two points, calculated as 

 
2

)min(min
)(

ji xxxx
xD


  (58) 

where ji xxx  . The non-dominated solution with the smallest neighbor distance is 

removed from the population until the total number of them is restrained within fifty. 
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 let G denotes a generation, P  a population of size n , and 
l

kGx 


 the l th

 individual of 

dimension m  in population P at generation k , and F  the mutation parameter and CR  

the crossover probability. 

 input m  , 4n ,  0.1,0.0CR   ,and initial bounds: 

    mixupperxlower ii ,,2,1,,   

 initialize  n

GGGG xxxP 0

2

0

1

00 ,,,  


 as  

for each individual 
0 GPl  

                mixlowerxupperrandxlowerx iiii

l

Gi ,,2,1,0.1,0.00,   

end for each 

evaluate 
0GP  

1k  

 while the  stopping  criterion  is  not satisfied   do 

    remove  all  dominated   solutions   from 
1kGP  

    if  the  number  of  non-dominated  solutions  in  1kGP  

         then apply  the  neighborhood  rule 

end if 

for 0l  to  number of  non-dominated  solutions  in 
1kGP  

    
l

kG

l

kG xx 1 


 

end for 

while nl  and loop no more than Nlim=1,000 

    randomly select  ,,2,1,, 321 rrr  from   the non-dominated  solutions of 
1kGP  

where 
321 rrr  , randomly select  mirand ,,2,1   

   for all  kGixmi ,,  

       
   

otherwise

iiCRrand

x

xxNx randi

l

kGi

r

kGi

r

kGi

r

kGi

,

0.1,0.0,)0.1,0.0(

1,

1,1,1,
213 





 




 

   end for all 

   repair 
l

kGx 


 if  any  variable  is  outside  its  boundaries 

   if 
kGx 




 dominates 
3

1

r

kGx 


  then 

       kG

l

kG xx 



 

       1 ll  

   end if 

                  end while 

                  1 kk  

end while 

 return the set  of  non-dominated  solutions. 

 Figure 35 Pareto-frontier Differential Evolution (PDE) Algorithm 
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4.1.2 Self-Adaptive DE 

All basics of Single-Objective DE and Multi-Objective DE have been covered. It can be 

noticed that DE’s simplicity is meet by its involvement of only two control parameters, 

namely the mutation factor F  and the crossover factor CR . In this study, two simple 

self-adaptive methods are selected respectively for the single-objective algorithm[79] and 

the multi-objective algorithm[82]. They are based on the idea of “evolution of the 

evolution” used to implement the self-adaptation of control parameters. 

Self-Adaptive Single-Objective DE 

For the Single-Objective DE, the self-adaptation of the control parameters are 

calculated as, for each ni  , 

 

   
otherwise

rand

F

FrandF
F

k

kGi

ukl

kGi
,

0.1,0.0,0.1,0.0
1,2

1,

,1

,





 




  (59) 

 

   
otherwise

rand

CR

rand
CR

k

kGi

k

kGi
,

0.1,0.0,0.1,0.0
2,4

,

,3

,










  (60) 

where 1.0lF  and 9.0uF  so that the new F  takes a value from  0.1,1.0  in a 

random manner and the case with no mutation is avoided by the proposed 1.0lF . 

1.021   are suggested values. In this method, the control parameters are evolved 

with some probabilities ( 1  and 2 ) and better control parameters are used in the next 

generation. 
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Self-Adaptive Multi-Objective DE 

For the Multi-Objective DE, the self-adaptation is based on the definition of the 

crossover rate cx  and the mutation rate mx . They are defined in the form of 

    213

1,1,1,, 0.1,0.0
r

kGc

r

kGc

r

kGckGc xxNxx    (61) 

    213

1,1,1,, 0.1,0.0
r

kGm

r

kGm

r

kGmkGm xxNxx    (62) 

and are limited within  0.1,0.0  by a repair rule. 

The self-adaptive crossover takes the form as, for mi  , 

 
   

otherwise

iixrand
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xxNx
x
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 (63) 

The self-adaptation of the mutation is performed as: if the trial individual kGix 

,  

dominates the main parent 3

1,

r

kGix  , with some probability   kGmxrand  ,0.1,0.0 , do  

for each mi  , 

   rangeNxx kGi

l

kGi   1.0,0.0,,  (64) 

where range is the difference between the maximum of the design variable and its 

minimum. 

4.2 Validations on Test Functions 

The DE strategies and the self-adaptive schemes integrated in this computational tool 

have already been presented. The self-adaptive schemes are helpful because the physical 

properties of this specific engineering problem are unknown. It is difficult to select 

parameters for an unknown problem. Although their superiorities have been validated on 
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the test functions in the corresponding literatures[79][82], for the completeness of the study, 

they will be tested in this study from the validation’s perspective.  

 

 Table 4 Test Functions for Multi-Objective DE Problems 

m  Name Expression ix  
Range 

30 

Zitzler-

Deb 
N.1 

















g

y
gy

xy

1
2

11

1

 

 1
91

2

















m

x

g

m

i

i

 

 0.1,0.0  

Zitzler-
Deb 

N.3 
 



























1
11

2

11

10sin1 y
g

y

g

y
gy

xy



 

 0.1,0.0  

 

 

 

For the single-objective problem, the validations will be carried out on the same 

six test functions selected for the surrogate model, see  Table 2. Before moving to the 

introduction of the test runs, some refreshments of the test functions are given. Forrester 

et al. (2008) is a multimodal one-dimensional function of simple shape. It has one global 

minimum, one local minimum and a zero-gradient inflection point. The other one-

dimensional function, Gramacy & Lee (2012) is of many local minima and the global 

minimum is in the fluctuant region.  For the two-dimensional functions, Branin is 

multimodal and it has three global minima. The other two functions have only one global 

minimum. Rosenbrock has a saddle shape valley and is notorious in optimization for the 

slow convergence of most methods applied on it. Ackley is featured of a nearly flat outer 
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region with massive ruggedness and have a deep hole at the center as the global 

minimum. Sphere function is multi-dimensional and we choose the same dimensions

3m , 6 and 10 as the validation cases for ANalysis of VAriable (ANOVA) in Chapter 

3. For the multi-objective problem, the validations will be tested on two benchmark 

problems, see Table 4, chosen as the same as in Abbass[78].  

 

 Table 5 Comparison of DE Performances between Two Schemes 

Single-Objective Test Functions fevalN
 

Name m 
Global Minimum F=0.5 

CR=0.9 
Self-

Adaptive ymin At 

Forrester et 
al. 

(2008) 
1 

-6.0207 0.7573 376 329 

Gramacy & 

Lee 
(2012) 

-0.8690 0.5486 501 522 

Branin 

2 

0.3979 

(9.42478, 

2.475) 
1990 2393 

(π, 2.27493) 1877 2808 

(-π,12.275) 2413 3184 

Rosenbrock 0.0 (1.0 ,1.0) 3009 5698 

Ackley 0.0 (0.0,0.0) 5914 6538 

Sphere (m) 

3 

0.0 
x i=0.0 

i=1,2,···,m 

11030 9064 

6 48218 34241 

10 99685 99685 

Multi-Objective Test 
Functions 

m 
Nfeval 

30 

Name 
PDE Self-Adaptive 

CR G=500 G=200 

Zitzler-Deb N.1 0.15 
10,002,000 

3,547,213 

Zitzler-Deb N.3 0.05 3,540,944 
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The statistic results of the test results are based on the average of twenty 

independent runs for the single-objective test functions and the average of ten 

independent runs with twenty seeds for the multi-objective test functions. For the single-

objective problems, DE with the recommended choice of 5.0F and 9.0CR  is 

compared with the self-adaptive scheme introduced in the previous section. For the multi-

objective problems, the comparison is between the PDE with number of generation 

500G  and the self-adaptive PDE with 200G . The choices of 15.0CR  and 

05.0CR  respectively for the two test functions are as the same as in Abbass[78]. The 

pareto-fronts are shown in Figure 36 and Figure 37 respectively. The numbers of function 

evaluations fevalN  for both the single-objective and the multi-objective tests are shown in 

Table 5. 

 

  

 Figure 36 Pareto Frontier of Zitzler-Deb N.1 with Different Multi-Objective DE Schemes 
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 Figure 37 Pareto Frontier of Zitzler-Deb N.3 with Different Multi-Objective DE Schemes 

 

 

From the results, the self-adaptation of the control parameters show its superiority 

when minimize single-objective test functions of even terrains, Forrester et al. (2008) and 

Sphere, and both of the multiple-objective Zitzler-Deb functions, one as a convex 

function and the other discontinuous. The superiority is especially remarkable for the 

multi-objective problems. However, for those functions with many local and/or global 

minima, the self-adaptive scheme is not advantageous but is still capable of finding the 

global minima within the same  fevalNO . In terms of the optimization of a ship hull form, 

the performance of an optimization algorithm with respect to multi-objectives is of our 

study interest. Although the surrogate model has already alleviated the computational 
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burden, a remarkable reduction of fevalN  is still preferred for the multi-objective design 

problem. In this study, the self-adaptive PDE will be used for the hydrodynamic multi-

objective optimization problem. In terms of the single-objective optimization problems, 

since the physical properties are unknown and the  fevalNO  is small, the self-adaptive DE 

will be used. 

4.3 Summary 

Chapter 4 presented the optimization solver, the fourth module of the computational tool, 

based on Differential Evolution (DE) algorithms. The basics of DE are introduced briefly 

and self-adaptive schemes are introduced afterwards. Validations are performed on the 

test functions to show the superiority of the self-adaptation of control parameters. The 

performance of DE on finding the optimal solutions is very positive and promising. This 

module will be coupled with the surrogate model to search for the optimal ship hull 

forms. 
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5. APPLICATIONS 

The Non-Uniform Rational B-Spline (NURBS)-based computational tool and its four 

modules have been fully presented in the former chapters. In this chapter, the developed 

computational tool is applied on the hydrodynamic optimization of ship hull forms. In the 

following section, a demo case of Wigley hull, which is an analytical hull form of simple 

parabola shape, is first demonstrated to describe how the computational tool works. The 

tool is then applied on the optimization of several well-selected hull forms of common 

and novel shape features: a cone-shaped sonar dome bow, DTMB5415; an earlier 

optimized bulbous bow, DTRC5279; a fuller mid-body of cargo ships, Series60; a novel 

design of wedge-shaped hull body, Wedge hull; and different types of bulbous bow 

configurations, JHSS series; The summary of the waterline lengths 
WLL  and the non-

dimensional speeds, Froude number Fr , are listed in Table 6. The waterline lengths are 

selected as the same as in the model tests. The design speeds are selected on the peaks of 

the drag curves obtained from the preliminary studies  conducted by the potential flow 

solver SSF. 

The total drag coefficient tC  with respect to a ship advancing in the calm water 

is the objective function of the optimization problem. The total drag coefficient is 

evaluated by SSF in which the wave drag coefficient wC  is evaluated based on the 

Neumann-Michell (NM) theory for the steady flow about a ship and the frictional drag 
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coefficient is evaluated using ITTC 1957 Model-Ship Correlation. The objective function 

that measures the wave drag and/or the total drag can thus be evaluated by SSF. 

 fwt CCC   (65) 

Except for DTMB5415 and Wedge hull, the other cases have consistent full 

setting-ups with seven design variables, in which three of them are assigned on the 

bulbous bow and four of them are on the ship body. The first exception DTMB5415 has a 

sonar dome bow and a transom stern, so the only part to be modified is the ship body and 

only two design variables are selected in the fore body and the aft body. Different from 

conventional displacement hulls, the second exception Wedge hull has a wedge-shaped 

hull body with rectilinear sides and sharp bottom edges. In order to keep its novel 

conception design of the wedge-shaped hull body, there is no modification on the hull 

body except for a rounding process in which the bottom sharp edge is smoothed out with 

an exterior fillet corner angle. The idea of rounding the bottom sharp edge is to create a 

streamlined hull form. The optimization of Wedge hull is only in terms of a bulbous bow 

generated by the direct NURBS-based hull form modification approach and the 

corresponding number of design variables is thus three. Besides Wedge, a bulbous bow 

feature is also added by the direct NURBS-based hull form modification approach for 

another two hull forms, i.e., the demo hull Wigley and Series60. 
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 Table 6 Summary of Ships in Computational Applications 

Ship LWL (m) Fr 

Wigley 2.50 0.240, 0.311, 0.455 

DTMB5415 5.72 0.312, 0.450 

DTRC5279 1.56 0.278, 0.445 

Series60 4.00 0.294,0.450 

Wedge 2.00 0.310, 0.590 

JHSS 8.49 0.275, 0.450 
 

 

 

The optimal hull forms found by the optimization are verified by an advanced  

Reynolds Averaged Navier-Stokes (RANS) flow solver, LTSInterFoam of the 

opensource Computational Fluid Dynamics (CFD) code OpenFOAM[32]. It is a variant of 

the Volume of Fluid (VOF) interface-tracking solver InterFOAM integrated with a local 

time stepping technique. The simulations are conducted on ship models with respect to 

the water line lengths presented in the Table 6. RANS meshes of around two million 

elements are used with the turbulence model SST k-ω. 

The design spaces are analyzed through ANalysis of VAriable (ANOVA) and the 

pareto frontiers are investigated in terms of the objective functions. Three hull forms are 

selected to be reconfigured with concise setting-ups with important design variables that 

have big weights obtained from the ANOVA analysis. The reconfiguration decreases the 

dimensions of the design space by discarding unimportant design variables. The re-

Design of Experiment (re-DOE) is thus realized by the reconfiguration with lower 

number of dimensions and corresponding smaller sampling sizes. The optimal hull forms 

obtained from the re-DOE cases are compared with the ones obtained from the full 
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setting-up cases. The corresponding computing times are also compared with each other. 

A summary of the applications of the computational tool is given in the end. 

5.1 A Demo Case of Wigley Hull 

As the objective is to optimize a ship hull form for reduced drag when advancing in the 

calm water, it is better to first define the convention of the coordinate system for this 

hydrodynamic problem. Figure 38 illustrates a Wigley hull advancing in the calm water. 

The x  direction points toward the advancing direction from the stern to the bow. y  

points sidewise and z  points vertically upwards. 

 

 

  

 Figure 38 Convention of Coordinate System 
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The Wigley hull is selected to demonstrate how the developed tool is applied on 

the optimization of ship hull forms. A bulbous bow and a stern are generated by the direct 

NURBS-based hull form modification approach, as shown in Figure 5. The modified 

Wigley hull is to be used as the initial hull form of the hydrodynamic optimization. In the 

optimization process, the hull surface is modified by the Radial Basis Function (RBF)-

based hull surface modification approach. The design variables are varied within a 

limited variation range, as presented in Table 7. The displacements of the NURBS 

control points are the design variables.  Their setting-ups are shown in Figure 6 with the 

selected NURBS control points denoted by squares of different colors. There are six 

control points selected in total. The one at the tip of the bulbous bow is movable in both 

the x  and the z  directions. Thus, the dimension of the optimization problem is 7m . 

According to the thumb of rule of the data sampling of Kriging model mn 10 , the total 

drag coefficients tC  are evaluated by SSF on seventy evenly-distributed data points 

generated by the Latin-Hypercube Sampling[47]. For the purpose of generalization and 

easy comparison, all the design variables and the objective functions are normalized to 

 0.1,0.0  according to their data ranges in the construction of the response surfaces. 

In order to investigate how the optimization results vary along the speed range, 

three design speeds in the speed range are selected for the demo case. The cross 

validation of the response surfaces constructed with respect to these three selected design 

speeds is shown in Figure 39. The evaluation-prediction pairs are distributed evenly and 

linearly near the line xy  . The surrogate model is thus considered to be accurate 

enough. 
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 Table 7 Variation Range of Design Variables for Wigley (m=7) 

Variation Range Δ/LWL 

Wigley 
Bulbous Bow Hull Body 

xx 1  zx 2  
yx 3  yx 4  

yx 5  yx 6  yx 7  
Initial  

Position 
0.5350 -0.0371 0.0120 0.0213 0.0399 0.0398 0.0214 

Variation  

Range 

0.5320 

~ 
0.5380 

-0.0451 

~ 
-0.0371 

0.0100 

~ 
0.0170 

0.0163 

~ 
0.0263 

0.0349 

~ 
0.0449 

0.0348 

~ 
0.0478 

0.0164 

~ 
0.0264 

 

 

 

  

 Figure 39 Cross Validation for Wigley (m=7) 
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The self-adaptive PDE is used to solve the pareto frontier of the multi-objective 

problem on the response surfaces of three objective functions. The self-adaptive DE is 

also used to find the single-objective optimal solutions with respect to each Froude 

number. Figure 40 illustrates the projections 
21

ˆˆ yy  , 
31

ˆˆ yy   and 
32

ˆˆ yy  of the pareto 

frontier found by the optimization solver. The sample points are denoted by yellow 

squares, the original Wigley hull denoted by the black diamond and the initial hull with 

the generated bulbous bow and stern are denoted by the red diamond. It can be observed 

that the initial hull has already achieved appreciable reduction of drag in terms of all the 

three design speeds. This is mainly due to the bow feature since the ship body remains 

unchanged. The optimal solutions are denoted by dots. The pareto frontier is denoted by 

cyan dots and a point is selected from the pareto frontier set to be the optimal solution of 

the multi-objective optimization problem, as denoted by the bigger blue dot. The single-

objective optimal solutions are denoted by the bigger green dot with respect to the low 

design speed 240.0Fr  and the bigger magenta dot with respect to the high design 

speed 455.0Fr . It can be observed that the pareto frontier is still far away from the 

initial Wigley. It means that within the design space, i.e., the hypercube occupied by the 

LHS points, hull forms with better performance can be found. It is also observed that the 

single-objective optimal solutions are located on the extension line of the pareto frontier. 
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(a) 3D View 

 
(b) ŷ1-ŷ2 

 
(c) ŷ1-ŷ3 

 
(d) ŷ2-ŷ3 

 Figure 40 Pareto Frontier for Wigley (m=7) 

 

 

Because each modified ship hull form has different wetted surface areas and 

displacements, besides the total drag coefficient tC that is the objective function here, the 

total drag tR  and the total drag per displacement DRt /  will also be evaluated since 

they are directly related to fuel consumption. Figure 41 illustrates the reductions of tC , 
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tR  and DRt /  of the optimal Wigley hull forms. The left row, i.e., (a), (c) and (e) 

illustrates the reductions of tC , tR  and DRt /  of all the optimal solutions evaluated by 

SSF about the design speed range. The single-objective optimal solutions are depicted by 

the green lines, for the low design speed 240.0Fr , and the magenta lines, for the high 

design speed 455.0Fr . They are corresponding to the green dot and the magenta dot in 

Figure 40. It can be observed from the figures that the reductions of tC , tR  and DRt /  

are achieved for all the optimal solutions with respect to their corresponding design 

speeds. However, the reductions for the single-objective solution with respect to the low 

design speed are not achieved in the higher speed range, and vice versa. The multi-

objective optimal solution is depicted by the blue lines. It is the selected blue dot in 

Figure 40. It can be observed that reductions are achieved in a more balanced way so that 

most of the speed range is covered. The right row, (b), (d) and (f), illustrates the 

verification of the reductions of tC , tR  and DRt / for the initial hull and the muli-

objective optimal hull by OpenFOAM. Besides the three selected design speeds, the 

verification is performed at eight speed points located uniformly in the speed range. The 

results show that the reductions of tC , tR  and DRt / for the optimal solution found by 

the computational tool using the potential flow solver can be verified by the advanced 

RANS solver. The biggest reduction of DRt /  is about 20% near the middle design speed 

311.0Fr  and around 10% reductions are achieved in the higher speeds. 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
(c) Rt Reduction 

 
(d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 41 Reduction of Ct, Rt and Rt/D for Wigley (m=7) 
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Figure 42 illustrates the pareto frontier in another way that is different from 

Figure 40. The predictions of the objective functions ŷ on the pareto frontier are 

compared with the evaluations of the objective functions y of the three optimal solutions 

denoted by the some colors as in Figure 40. It is observed from the comparison that the 

response surfaces are valid and the pareto frontier is accurately solved on the response 

surfaces. It is also observed that the evaluations of the single-objective optimal solutions 

are on the extension line of the pareto frontier. In addition, Figure 42 provides a more 

intuitive way of understanding the variation trends of objective functions. It can be seen 

that 1ŷ  with respect to the low design speed 240.0Fr   and 3ŷ  with respect to the high 

design speed 455.0Fr  have contrary variation trends and 2ŷ  with respect to the 

middle design speed stands in neutral. This observation suggests that only two design 

speeds that span the design speed range are necessary. In the following application cases, 

only two speeds, a low speed and a high speed, will be selected, see Table 6.  

Figure 43 illustrates the ANOVA analysis of all the design variables, with the 

same color palette as in Figure 6. It can be interpreted in general that design variables at 

the hull body are more important than the ones at the bulbous bow. In addition, the 

weights of them vary with respect to different design speeds. The analysis is based on the 

response surface constructed using low fidelity flow so lver. It is important for the DOE 

because the ANOVA analysis can serve as a preliminary advice when high fidelity flow 

solvers are to be used in the surrogate-based hydrodynamic optimization. 
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 Figure 42 Predictions ŷ on  Pareto Frontier and Evaluations y of Optimal Solutions for Wigley (m=7) 

 

 

 

 

 Figure 43 ANOVA for Wigley (m=7) 
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Figure 44 illustrates the comparison of body plans among the optimal solutions. It 

can be observed that the optimal hull form with respect to the high design speed has a 

fatter bulbous bow while the one with respect to the low design speed has a thinner 

bulbous bow. Figure 45 illustrates the comparison of the body plan and the profile plan 

between the initial Wigley hull and the multi-objective optimal Wigley hull. It is 

observed that the multi-objective optimal Wigley hull has a slender hull body and a more 

submerged bulbous bow. 

 

  

 Figure 44 Body Plan of Optimal Solutions for Wigley (m=7) 
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 Figure 45 Body Plan and Profile Plan of Initial and Multi for Wigley (m=7) 
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5.2 Applications on Different Types of Ship Hulls 

In the previous section, the optimization of Wigley hull is demonstrated using the 

computational tool. In this section, the computational tool is applied on the optimization 

of different types of ship hull forms, which include DTMB5415 with a cone-shaped sonar 

dome bow; DTRC5279 with an earlier optimized bulbous bow; Series60 with a fuller 

mid-body and a generated bulbous bow; Wedge hull with a novel wedge-shaped hull 

body; and JHSS series with different types of bulbous bow configurations.  

5.2.1 DTMB5415 

DTMB5415 has a very well-designed cone-shaped sonar dome, a transom stern and a 

slender hull body, see Figure 3. It is composed of five NURBS patches, in which some 

patches have featured shape and have less room to be modified. Thus, in this optimization 

case, there are only two design variables put on the fore part and the rear part of the hull 

body respectively, with the middle station being fixed. Therefore, the dimension 2m  

and the sampling size 20n . The variation range of the design variables are presented in 

Table 8. 

 

 Table 8 Variation Range of Design Variables for DTMB5415 (m=2) 

Variation Range Δ/LWL 

DTMB5415 
Hull Body 

yx 1  yx 2  
Initial Position 0.5593 0.6441 

Variation Range 0.5093 ~ 0.5893 0.6141 ~ 0.6993 
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Figure 46 illustrates the cross validation of the response surfaces with respect to  

the two design speeds. Figure 47 show the pareto frontier and the single-objective 

optimal solutions. It can be observed that the LHS points already have a pareto-wise 

distribution and the original hull falls exactly on the praeto front. Thus, DTMB5415 is 

already a very well-designed hull form and there exists no more room for optimization. 

However, since   2~ FrRO t , the point on the lower right of the pareto frontier is selected 

here as the multi-objective optimal solution.  

 

 

  

 Figure 46 Cross Validation for DTMB5415 (m=2) 
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 Figure 47 Pareto Frontier for DTMB5415 (m=2) 

 

 

Figure 48 illustrates the reductions of tC , tR  and DRt /  evaluated by SSF 

about the speed range. It can be observed that the trends of increment and reduction are 

contrary in terms of the lower speed and the higher speed. The transition happens in the 

middle around 35.0Fr  and the positive and negative areas covered by the curves are 

almost offset with each other. The biggest reduction of DRt /  is only around 1%. 

Because there is no room to optimize the hull form for reduced drag, validations of the 

selected multi-objective optimal solution are not conducted by OpenFOAM. 
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(a) Ct Reduction 

 
(b) Rt Reduction 

 
(c) Rt/D Reduction 

 Figure 48 Reduction of Ct, Rt and Rt/D for DTMB5415 (m=2) 

 

 

Figure 49 shows the predictions of the objective functions ŷ on the pareto frontier 

and the evaluations of the objective functions y of the three optimal solutions for 

DTMB5415. Figure 50 presented the results of ANOVA. It is observed that the rear body 

is more important. However, the difference between the original hull and the multi-

objective optimal hull is tiny, see Figure 51, and the reductions of tC , tR  and DRt /  

are not much, since the original hull is already very well-designed. 
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 Figure 49 Predictions ŷ on  Pareto Frontier and Evaluations y of Optimal Solutions for DTMB5415 (m=2) 

 

 

 

  

 Figure 50 ANOVA for DTMB5415 (m=2) 
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 Figure 51 Body Plan and Profile Plan of Initial and Multi for DTMB5415 (m=2) 
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5.2.2 DTRC5279 

The initial DTRC5279 used here is an earlier optimized hull form[19] obtained by 

different optimization techniques. It was optimized using the form deformation method 

based on the discrete mesh surface. The optimized hull is converted to a NURBS surface 

and it is used as the initial hull form in the present study. Similarly, it is also expected to 

be located on or be very close to the pareto frontier as in the DTMB5415 case. The 

design variables are set up in the same way as in the Wigley demo case with the 

dimension 7m  and the sampling size 70n . The variation range of the design 

variables are presented in Table 9. 

 

 Table 9 Variation Range of Design Variables for and DTRC (m=7) 

DTRC 
5279 

Bulbous Bow Hull Body 

xx 1  zx 2  yx 3  yx 4  yx 5  
yx 6  

yx 7  
Initial  

Position 
0.5357 -0.0141 0.0098 0.0264 0.0468 0.0534 0.0492 

V
ariation  

Range 

0.5327 
~ 

0.5387 

-0.0171 
~ 

-0.0111 

0.0058 
~ 

0.0158 

0.0214 
~ 

0.0294 

0.0438 
~ 

0.0468 

0.0524 
~ 

0.0554 

0.0472 
~ 

0.0522 

 

 

Figure 52 shows the cross validation of the response surfaces with respect to the 

two design speeds. Figure 53 illustrates the pareto frontier. It can be observed that the 

initial hull is as expected to be very close to the pareto frontier. A pareto frontier point 

located vertically below the initial is selected as the multi-objective optimal solution. 
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 Figure 52 Cross Validation for DTRC5279 (m=7) 

 

 

  

 Figure 53 Pareto Frontier for DTRC5279 (m=7) 
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Figure 54 illustrates the reductions of tC , tR  and DRt /  evaluated by SSF 

about the speed range. It can be observed that the reduction curves of the initial hull are 

very close to the reduction curves of the multi-objective optimal hull. Except for tR , 

reductions are achieved in almost the whole speed range. However, the reductions are 

small and the reduction of DRt /  is only within around 5% at most.  As the same as in 

the DTMB5415 case, because there is no room to optimize the hull form for reduced 

drag, validations of the selected multi-objective optimal solution are not conducted by 

OpenFOAM. 
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(a) Ct Reduction 

 
(b) Rt Reduction 

 
(C) Rt/D Reduction 

 Figure 54 Reduction of Ct, Rt and Rt/D for DTRC5279 (m=7) 
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 Figure 55 Predictions ŷ on  Pareto Frontier and Evaluations y of Optimal Solutions for DTRC5279 (m=7) 

 

 

 

  

 Figure 56 ANOVA for DTRC5279 (m=7) 
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Figure 55 illustrates the predictions of the objective functions ŷ on the pareto 

frontier and the evaluations of the objective functions y of the three optimal solutions for 

DTRC5279. Figure 56 shows the results of ANOVA. It can be seen that for both the 

design speeds, the design variable yx 3
, that corresponds to the control point located on 

the side of the bulbous bow, is the most important variable. It is observed from both the 

Figure 54 and Figure 57 that the difference between the initial hull and the multi-

objective optimal hull is very small. 

 

 

 

 

 Figure 57 Body Plan and Profile Plan of Initial and Multi for DTRC5279 (m=7) 
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5.2.3 Series60 

Series60 is a cargo ship and it has a fuller mid-body. A bulbous bow is generated by the 

direct NURBS-based hull form modification approach. The hull form with the generated 

bulbous bow is used as the initial hull form of the optimization. The design variables are 

set up in the same way as in the Wigley demo case with the dimension 7m  and the 

sampling size 70n . The variation range of the design variables are presented in Table 

10.  

 

 

 Table 10 Variation Range of Design Variables for Series60 (m=7) 

Variation Range Δ/LWL 

Series60 
Bulbous Bow Hull Body 

xx 1  zx 2  yx 3  yx 4  yx 5  
yx 6  

yx 7  
Initial  

Position 
0.5342 -0.0265 0.0075 0.0183 0.0558 0.0585 0.0241 

Variation  
Range 

0.5312 
~ 

0.5372 

-0.0295 
 ~ 

-0.0235 

0.0045 
 ~  

 0.0105 

0.0133 
 ~  

0.0233 

0.0508 
 ~  

0.0608 

0.0535 
 ~  

0.0635 

0.0191 
 ~  

0.0291 

 

 

Figure 58 shows the cross validation of the response surfaces with respect to the 

two design speeds. Figure 59 illustrates the pareto frontier. It can be observed that the 

initial hull has already achieved an appreciable reduction. A point located in the middle 

corner of the pareto frontier is selected as the multi-objective optimal solution. 
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 Figure 58 Cross Validation for Series60 (m=7) 

 

 

  

 Figure 59 Pareto Frontier for Series60 (m=7) 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
(c) Rt Reduction 

 
(d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 60 Reduction of Ct, Rt and Rt/D for Series60 (m=7) 
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Figure 60 illustrates the reductions of tC , tR  and DRt /  of the optimal 

Series60 hull forms. The left row, i.e., (a), (c) and (e) illustrates the reductions of tC , 

tR  and DRt /  of all the optimal solutions evaluated by SSF about the design speed 

range. The right row, i.e., (b), (d) and (f) illustrates the verification of the reductions of 

tC , tR  and DRt / for the initial hull and the muli-objective optimal hull by 

OpenFOAM. The reduction of DRt /  is around 15% in the most of the design speed 

range. 

Figure 61 illustrates the predictions of the objective functions ŷ on the pareto 

frontier and the evaluations of the objective functions y of the three optimal solutions for 

Series60. Figure 62 shows the results of ANOVA. It is observed that the design variables 

at the hull body are the most important variables. In addition, for the low design speed, 

the control points at the mid-body are more important, and for the high design speed, 

those at two ends are more important. 

Figure 63 illustrates the comparison of body plans among the optimal solutions. 

Figure 64 illustrates the comparison of the body plan and the profile plan between the 

initial Series60 hull and the multi-objective optimal Series60 hull. It is observed that the 

multi-objective optimal Series60 hull has a slender mid-body and fatter two ends. 
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 Figure 61 Predictions ŷ on  Pareto Frontier and Evaluations y of Optimal Solutions for Series60 (m=7) 

 

 

 

  

 Figure 62 ANOVA for Series60 (m=7) 
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 Figure 63 Body Plan of Optimal Solutions for Series60 (m=7) 
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 Figure 64 Body Plan and Profile Plan of Initial and Multi for Series60 (m=7) 
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5.2.4 Wedge Hull 

Wedge hull is a novel hull form which features a sharp entrance angle, rectilinear sides, 

sharp bottom edges, a triangular waterplane and a linear aftward taper from a deep bow to 

a shallow transom. Studies[85] have been conducted to understand the hydrodynamic 

performance of the wedge hull. It has promising performance at high speeds compared 

with conventional displacement hulls due to its special geometry properties. The 

hydrodynamic performances, i.e., the total drag and the flow field near the hull body were 

evaluated by numerical simulations and experimental measurements. The studies showed 

that the shape of the hull has great influences on the hydrodynamic performance of the 

wedge hull. Observations of the flow field from numerical simulations showed 

separations off the front of the hull and consequent vorticities downstream. It is thus 

desired to perform the hydrodynamic optimization of the wedge hull to reduce the form 

drag.  

In the present study, the bottom sharp edge is rounded with an exterior fillet 

corner angle. The idea of the rounding process is to create a streamlined hull form while 

preserving the conception design of wedge-shaped hull body. A bulbous bow is generated 

by the direct NURBS-based hull form modification approach. The hull form with the 

generated bulbous bow and the rounded bottom edge is used as the initial hull form of the 

optimization. In order to keep the wedge-shaped hull body unchanged, the design 

variables are set up only on the bulbous bow with the dimension 3m  and the sampling 

size 30n . The variation range of the design variables are presented in Table 11. 
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The result will be compared with an earlier optimized hull form with a different 

bulbous bow attached to the original Wedge hull represented by discrete surface meshes. 

The reduction of calm-water resistance of the earlier optimized hull has been validated by 

model tests. The effect of the rounding process and the bulbous bow on the reduction of 

the flow separation will be illustrated by streamlines around the hull bodies. 

 

 

 Table 11 Variation Range of Design Variables for Wedge (m=3) 

Variation Range Δ/LWL  

Wedge 
Bulbous Bow 

xx 1  zx 2  yx 3  
Initial Position 0.5460 -0.0305 0.0120 

Variation Range 0.5400 ~ 0.5520 -0.0355 ~ 0.0255 0.0100 ~ 0.0200 

 

 

Figure 65 shows the cross validation of the response surfaces with respect to the 

two design speeds. Figure 66 illustrates the pareto frontier. It can be observed that the 

initial hull is already close to the pareto frontier. A point located in the middle part of the 

pareto frontier is selected as the multi-objective optimal solution. 
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 Figure 65 Cross Validation for Wedge (m=3) 

 

 

  

 Figure 66 Pareto Frontier for Wedge (m=3) 
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Figure 67 illustrates the reductions of tC , tR  and DRt /  of the optimal Wedge 

hull forms. The left row, i.e., (a), (c) and (e) illustrates the reductions of tC , tR  and 

DRt /  of all the optimal solutions evaluated by SSF about the design speed range. The 

right row, i.e., (b), (d) and (f) illustrates the verification of the reductions of tC , tR  and 

DRt / for the initial hull and the muli-objective optimal hull by OpenFOAM. The 

biggest reduction of DRt /  is near 34% at 590.0Fr . It can be observed that the initial 

hull with the rounded bottom edge and a generated bulbous bow has already achieved a 

large amount of reductions. It means the reduction is mainly due to the rounding process 

of the sharp bottom edge and the creation of the bow 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
  (c) Rt Reduction 

 
  (d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 67 Reduction of Ct, Rt and Rt/D for Wedge (m=3) 
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Figure 68 illustrates the predictions of the objective functions ŷ on the pareto 

frontier and the evaluations of the objective functions y of the three optimal solutions for 

Wedge. Figure 69 shows the results of ANOVA. It is observed that at both the design 

speeds, the design variable yx 3
, that is located on the side of the bulbous bow, is the 

most important variable. 

Figure 70 illustrates the comparison of body plans among the optimal solutions. 

Figure 71 illustrates the comparison of the body plan and the profile plan between the 

initial Wedge hull and the multi-objective optimal Wedge hull. It is observed that the 

multi-objective optimal Wedge hull has a fatter bulbous bow. 

 

 

  

 Figure 68 Predictions ŷ on  Pareto Frontier and Evaluations y of Optimal Solutions for Wedge (m=3) 
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 Figure 69 ANOVA for Wedge (m=3) 

 

 

  

 Figure 70 Body Plan of Optimal Solutions for Wedge (m=3) 
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 Figure 71 Body Plan and Profile Plan of Initial and Multi for Wedge (m=3) 
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Figure 72 illustrates the streamline around the three wedge hulls, i.e., the original 

wedge hull, the hull with the rounded bottom edge and the multi-objective optimal 

Wedge hull. Flow separations off the front part of the hull body and the consequent 

vorticities can be observed in the flow near the original wedge hull. It is also observed 

that rounding the sharp edge at the hull bottom can reduce the total drag by alleviating the 

flow separations around the hull body. The wedge hull with rounded edge and optimized 

bulbous bow can achieve larger drag reduction and the flow separations are almost 

eliminated. This result is of practical interest because it not only reduces the calm-water 

resistance of the ship, but also improves its propulsion performance by providing a better 

incoming flow into the propeller. 
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(a) Fr=0.310 

 

(b) Fr=0.590 

 Figure 72 Comparisons of Streamline around Hull Body 

 (left: Original; Middle: Rounded Bottom Edge; Right: Bulbous Bow and Rounded Bottom Edge) 
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5.2.5 JHSS Series 

JHSS is a series[86] of ship hull forms with four different types of bulbous bow 

configurations, with StemBow as the prototype ship as shown in Figure 73. It is 

interesting to investigate how the different bows perform in the reductions of calm-water 

resistance. Among all the existing bows, the Elliptical bow will achieve the most 

reductions. Based on the knowledge of how the different shapes perform, an *INITIAL 

bow is created with a more upturned nose than the Elliptical bow. All the five hull forms 

with different bulbous bow are used as the initial hull forms of the optimizations 

conducted respectively. The design variables are set up in the same way as in the Wigley 

demo case with the dimension 7m  and the sampling size 70n . The variation ranges 

of the design variables for each hull form are presented in Table 12. 

 

 

  

 Figure 73 Comparisons of JHSS Series 
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 Table 12 Variation Range of Design Variables for JHSS Series (m=7) 

 (a) StemBow 

Variation Range Δ/LWL 

StemBow 
Bulbous Bow Hull Body 

xx 1  zx 2  yx 3  yx 4  yx 5  yx 6  yx 7  
Initial  

Position 
0.5005 -0.0122 0.0034 0.0111 0.0385 0.0552 0.0495 

Variation  

Range 

0.4975 
 ~  

0.5035 

-0.0152  
~  

-0.0092 

0.0034 
 ~  

0.0104 

0.0061 
 ~  

0.0161 

0.0335 
 ~  

0.0435 

0.0522 
 ~  

0.0582 

0.0485 
 ~  

0.0505 

 

 

 (b) Baseline 

Variation Range Δ/LWL 

Baseline 
Bulbous Bow Hull Body 

xx 1  zx 2  yx 3  yx 4  yx 5  
yx 6  

yx 7  
Initial  

Position 
0.5226 -0.0206 0.0087 0.0099 0.0385 0.0552 0.0495 

Variation  

Range 

0.5196 
 ~  

0.5256 

-0.0236 
 ~  

-0.0176  

0.0037 
 ~  

0.0137 

0.0049 
 ~  

0.0149 

0.0335 
 ~  

0.0435 

0.0522 
 ~  

0.0582 

0.0485 
 ~ 

0.0505 

 

 

 (c) Elliptical 

Variation Range Δ/LWL 

Elliptical 
Bulbous Bow Hull Body 

xx 1  zx 2  yx 3  yx 4  yx 5  
yx 6  

yx 7  
Initial  

Position 
0.5292 -0.0154 0.0055 0.0099 0.0385 0.0552 0.0495 

Variation  

Range 

0.5262 
 ~  

0.5322 

-0.0184 
 ~  

-0.0124 

0.0035 
 ~  

0.0125 

0.0049 
 ~  

0.0149 

0.0335 
 ~  

0.0435 

0.0522 
 ~  

0.0562 

0.0485 
 ~ 

0.0505 
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 (d) Gooseneck 

Variation Range Δ/LWL 

Gooseneck 
Bulbous Bow Hull Body 

xx 1  zx 2  yx 3  yx 4  yx 5  yx 6  yx 7  
Initial  

Position 
0.5354 -0.0081 0.0087 0.0105 0.0385 0.0540 0.0493 

Variation  

Range 

0.5324 

 ~  
0.5384 

-0.0121 

 ~  
-0.0081 

0.0047 

 ~  
0.0147 

0.0057 

 ~  
0.0135 

0.0335 

 ~  
0.0435 

0.0520 

 ~  
0.0560 

0.0483 

 ~  
0.0503 

 

 

 (e) *INITIAL 

Variation Range Δ/LWL 

*INITIAL 
Bulbous Bow Hull Body 

xx 1  zx 2  yx 3  yx 4  yx 5  
yx 6  

yx 7  
Initial  

Position 
0.5290 -0.0135 0.0055 0.0111 0.0385 0.0552 0.0495 

Variation  

Range 

0.5290 

 ~  
0.5360 

-0.0150 

 ~  
-0.0100 

0.0035 

 ~  
0.0120 

0.0061 

 ~  
0.0161 

0.0385 

 ~  
0.0435 

0.0552 

 ~  
0.0562 

0.0485 

 ~  
0.0505 
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Figure 74 shows the cross validations of the response surfaces with respect to the 

two design speeds for all the JHSS Series hull forms. Figure 75 illustrates the 

corresponding pareto frontiers. Figure 76 ~ Figure 80 present the reductions of tC , tR  

and DRt /  of the all the optimal JHSS Series hull forms. The left rows, i.e., (a), (c) and 

(e) illustrate the reductions of tC , tR  and DRt /  of all the optimal solutions evaluated 

by SSF about the design speed range. The right rows, i.e., (b), (d) and (f) illustrate the 

verification of the reductions of tC , tR  and DRt / for the initial JHSS hull forms and 

the muli-objective optimal hull forms by OpenFOAM. It can be observed that the 

optimizations of all the bow configurations achieved small amount of reductions. It can 

be interpreted that the prototype hulls are already well-designed ships. Among the four 

existing bows, the Elliptical bow achieved the most reductions. The *INITIAL hull 

created in this study is intended to have better hydrodynamic performance. It can be seen 

from Figure 75 (g) that the created *INITIAL hull is already very close to the pareto 

frontier. A point with respect to a larger high speed reduction is selected as the multi-

objective optimal JHSS *INITIAL hull. The results are satisfactory and a larger reduction 

is achieved with respect to DRt /  in the higher speed range, as illustrated in Figure 81 

  



138 

 

 

 
(c) JHSS StemBow 

 
(d) JHSS Baseline 

 
(e) JHSS Elliptical 

 
(f) JHSS Gooseneck 

 
(g) JHSS *INITIAL 

 Figure 74 Cross Validation for JHSS Series (m=7) 
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(c) JHSS StemBow 

 
(d) JHSS Baseline 

 
(e) JHSS Elliptical 

 
(f) JHSS Gooseneck 

 
(g) JHSS *INITIAL 

 Figure 75 Pareto Frontiers for JHSS Series (m=7) 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
(c) Rt Reduction 

 
(d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 76 Reduction of Ct, Rt and Rt/D for JHSS StemBow (m=7) 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
(c) Rt Reduction 

 
(d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 77 Reduction of Ct, Rt and Rt/D for JHSS Baseline (m=7) 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
(c) Rt Reduction 

 
(d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 78 Reduction of Ct, Rt and Rt/D for JHSS Elliptical (m=7) 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
(c) Rt Reduction 

 
(d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 79 Reduction of Ct, Rt and Rt/D for JHSS Gooseneck (m=7) 
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(a) Ct Reduction 

 
(b) Ct Verification 

 
(c) Rt Reduction 

 
(d) Rt Verification 

 
(e) Rt/D Reduction 

 
(f) Rt/D Verification 

 Figure 80 Reduction of Ct, Rt and Rt/D for JHSS *INITIAL (m=7) 
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 Figure 81 Comparison of Rt/D between Elliptical and *INITIAL 

 

 

Figure 82 illustrates the predictions of the objective functions ŷ on the pareto 

frontier and the evaluations of the objective functions y of the three optimal solutions for 

all the JHSS Series hulls. Figure 83 shows the corresponding results of ANOVA. It is 

observed that for all the JHSS Series hull forms, the design variables located at the 

foremost hull body and at the side of the bulbous bow are the most important variables. 

Figure 84, Figure 86, Figure 88, Figure 90 and Figure 92 illustrate the comparisons of 

body plans among the optimal solutions. Figure 85, Figure 87, Figure 89, Figure 91 and 

Figure 93 illustrates the comparisons of the body plan and the profile plan between the 

initial hull forms and the multi-objective optimal hull forms. 
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(c) JHSS StemBow 

 
(d) JHSS Baseline 

 
(e) JHSS Elliptical 

 
(f) JHSS Gooseneck 

 
(g) JHSS *INITIAL 

 Figure 82 Predictions ŷ on  Pareto Frontier and Evaluations y of Optimal Solutions for JHSS Series (m=7) 
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(a) StemBow 

 

(b) Baseline 

 

(c) Elliptical 
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(d) Gooseneck 

 

(e) *INITIAL 

 Figure 83 ANOVA for JHSS Series (m=7) 

 

  



149 

 

 

 

 

 

 Figure 84 Body Plan of Optimal Solutions for JHSS StemBow (m=7) 
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 Figure 85 Body Plan and Profile Plan of Initial and Multi for JHSS StemBow (m=7) 
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 Figure 86 Body Plan of Optimal Solutions for JHSS Baseline (m=7) 
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 Figure 87 Body Plan and Profile Plan of Initial and Multi for JHSS Baseline (m=7) 
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 Figure 88 Body Plan of Optimal Solutions for JHSS Elliptical (m=7) 
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 Figure 89 Body Plan and Profile Plan of Initial and Multi for JHSS Elliptical (m=7) 
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 Figure 90 Body Plan of Optimal Solutions for JHSS Gooseneck (m=7) 
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 Figure 91 Body Plan and Profile Plan of Initial and Multi for JHSS Gooseneck (m=7) 
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 Figure 92 Body Plan of Optimal Solutions for JHSS *INITIAL (m=7) 
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 Figure 93 Body Plan and Profile Plan of Initial and Multi for JHSS *INITIAL (m=7) 
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In the optimization of JHSS Elliptical, it is found that the optimal solutions on the 

pareto frontier are located at different places in the hypercube of design space. It means 

that the response surfaces are multimodal. Figure 94 shows two neighbor points (number 

168 and 169) on the pareto frontier for JHSS Elliptical. Figure 95 illustrates the 

comparison of the body plan and the profile plan between them. 

 

 

  

 Figure 94 Two Neighbor Points on a Multimodal Pareto Frontier 
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 Figure 95 Comparion of Two Elliptical Hull on ParetoFront 
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5.2.6 Re-DOE Cases 

The ANOVA analyses can be used to simplify the DOE. In this dissertation, three re-

DOE cases with only the important design variables obtained from the former analyses 

will be presented: (i) Wedge hull with the design variable located on the side of the 

bulbous bow, i.e., 1m ; (ii) JHSS *INITIAL with the design variable located on the 

side of the bulbous bow and another one located at the foremost hull body, i.e., 2m ; 

and (iii) Series60 with the four design variables located on the hull body, i.e., 4m .  

Figure 96 illustrates the cross validation for the re-DOE cases. Figure 97 shows 

the pareto frontiers and the comparisons of them between the full design cases and the  re-

DOE cases. It is perceived that the pareto frontiers are close with each other. For Wedge, 

the one dimensional design case is as same as a parametric study. For Wedge and JHSS 

*INITIAL, the pareto frontiers with respect to the full design cases shift towards bottom 

left by a small amount from the one with respect to the re-DOE cases. For Series60, the 

pareto frontiers with respect to both the cases overlap with each other, yet with a 

bifurcation at bottom right.  

Figure 98 ~ Figure 100 show the comparisons of tC , tR  and DRt /  reductions 

between the full design cases and the re-DOE cases with respect to all the optimal 

solutions. It can be observed that the re-DOE cases achieve very close optimal solutions 

as those obtained in the full design cases. The bifurcation as shown in Figure 97 (f) is 

reflected also in the difference between the two single-objective optimal solutions with 

respect to the high design speed, see Figure 100. 
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(a) Wedge (m=1) 

 
(b) JHSS *INITIAL (m=2) 

 
 

 
(c) Series60 (m=4) 

 Figure 96 Cross Validation for re-DOE Cases 
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(a) Wedge (m=1) 

 
(b) Wedge (m=1 & 3) 

 
(c) JHSS *INITIAL (m=2) 

 
(d) JHSS *INITIAL (m=2 & 7) 

 
(e) Series60 (m=4) 

 
  (f) Series60 (m=4 & 7) 

 Figure 97 Pareto Frontiers for Re-DOE Cases 
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(a) Ct Reduction 

 
(b) Rt Reduction 

 
(c) Rt/D Reduction 

 Figure 98 Reduction of Ct, Rt and Rt/D for Wedge (m=1 & 3) 
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(a) Ct Reduction 

 
(b) Rt Reduction 

 
(c) Rt/D Reduction 

 Figure 99 Reduction of Ct, Rt and Rt/D for JHSS *INITIAL (m=2 & 7) 
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(a) Ct Reduction 

 
(b) Rt Reduction 

 
(c) Rt/D Reduction 

 Figure 100 Reduction of Ct, Rt and Rt/D for Series60 (m=4 & 7) 
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Figure 101 shows the predictions of the objective functions ŷ on the pareto 

frontier and the evaluations of the objective functions y of the three optimal solutions for 

the re-DOE cases. Same trends are observed as in the full setting-up design cases. Figure 

102 presents the ANOVA for the re-DOE cases with 1m . The same contrary trends are 

also perceived between the low design speed and the high design speed as in the full 

design cases for JHSS *INITIAL and Series60. Figure 103 ~ Figure 105 present the 

comparisons between the two multi-objective optimal hulls for all the re-DOE cases. It 

can be seen that the differences are very small. All the re-DOE cases achieved 

satisfactory results. Table 13 lists the comparison of CPU times between the full design 

cases and the re-DOE cases. Note the computational time is without the cross validation 

conducted. Since the thumb of rule of the data sampling mn 10  works well in terms of 

the accuracy of the response surface, an experienced construction of the surrogate model 

can leave out the cross validation step.  
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(a) Wedge 

 
(b) JHSS *INITIAL 

 
(c) Series60 

 Figure 101 Predictions ŷ on  Pareto Frontier and Evaluations y of Optimal Solutions for re-DOE Cases 
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(a) JHSS *INITIAL (m=2) 

 

 

 

(b) Series60 (m=4) 

 Figure 102 ANOVA for re-DOE Cases 
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 Figure 103 Multi-Optimal Hulls of Full and re-DOE Cases for Wedge 
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 Figure 104 Multi-Optimal Hulls of Full and re-DOE Cases for JHSS *INITIAL 
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 Figure 105 Multi-Optimal Hulls of Full and re-DOE Cases for Series60 
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 Table 13 Comparison of CPU Time for Full and Re-DOE Cases 

CPU Time (min) 

Case 

Data Sampling  

&  
Surrogate Construction 

Optimization 
Nseed=20  

G=300  
Nfeval ≈ 6M 

Total Time 

Full Re-DOE Full Re-DOE Full Re-DOE 

Wedge  

16.41 7.55 6.15 5.23 22.56 12.78 Full Re-DOE 

m=3 m=1 

JHSS *INITIAL  

49.67 14.73 29.85 3.15 79.52 17.88 Full Re-DOE 

m=7 m=2 

Series60  

37.20 29.37 27.68 10.20 66.57 37.88 Full Re-DOE 

m=7 m=4 

 

 

5.3 Summary 

Chapter 5 presented the applications of the developed computational tool on different 

ship hull forms. A demo case of Wigley hull is first demonstrated on how the 

computational tool is used for the hydrodynamic optimization problem. Then, the 

computational tool is applied on several well-selected hulls forms of common and novel 

shape features. The reductions of DRt /  evaluated by OpenFOAM for all the optimal hull 

forms and the variations of displacement and wetted surface area are summarized in 

Table 14. 
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 Table 14 Summary of Optimal Hull Forms for Application Cases 

Ship Reduction of Rt/D (%) 
Variation (%) 

D Awet 

Series60 
Fr=0.294 Fr=0.450 

+0.60 +2.06 
16.05 11.33 

Wedge 
Fr=0.310 Fr=0.590 

+0.55 +0.03 
21.06 33.12 

JHSS Series Fr=0.275 Fr=0.450 D Awet 

StemBow -1.07 5.40 +4.59 +2.12 

Baseline 3.99 5.61 +1.86 +1.93 

Elliptical 7.50 8.15 +4.22 +3.09 

Gooseneck 5.65 5.72 +3.58 +3.61 

*INITIAL 7.02 10.19 +5.73 +4.02 

 

 

The ANOVA analyses can be referred as instructions for re-DOE. The re-DOE 

cases are studied and similar optimal solutions are obtained. The application cases show 

that the developed computational tool can be used to optimize ship hull forms and can 

serve as an analysis tool for the early design of ship hull forms. 
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6. CONCLUSIONS 

Motivated by the demands to reduce fuel consumption of ships, a Non-Uniform Rational 

B-Spline (NURBS)-based computational tool for hydrodynamic optimization of ship hull 

forms is developed for the design of a ship at the early design stage. 

The design-oriented geometric representation, NURBS, is used to define ship hull 

forms due to its favorable properties in Computer Aided Ship Design (CASD). A new 

hull form modification technique that consists of a direct NURBS-based hull form 

modification approach and a Radial Basis Function (RBF)-based hull surface 

modification approach has been used to generate bulbous bow features and modify the 

hull surface in the optimization process. A NURBS-based grid generation tool is 

developed to discretize the modified hull surfaces and generate the meshes required for 

the Computational Fluid Dynamics (CFD) simulations of the flow around the hull. A 

practical design-oriented CFD tool Code SSF, based on potential flow theory, is used to 

compute the steady flow about a ship and evaluate the objective function that measures 

the wave drag and/or total drag. In order to conduct hull form optimizations for several 

design speeds with further reduced computing time, an approximation model, i.e., a 

response surface in which only a limited number of objective function evaluations are 

conducted using CFD solver directly is developed. Based on the response surface, 

an ANalysis of VAriable (ANOVA) functionality is developed to analyze the importance 
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of each design variable. An evolutionary-based optimization solver is used to find the 

optimal hull form on the response surface. The development of the computational tool 

realized a seamless integration of CASD, CFD, and optimization techniques. 

The computational tool is applied on the hydrodynamic optimization of several 

well-selected ship hull forms to minimize the total drag of a ship advancing in the calm 

water. The optimization is conducted using a low-fidelity potential flow solver and the 

optimal solutions are verified by a high-fidelity Reynolds Averaged Navier-Stokes 

(RANS) solver at the design speeds. It can be verified that the computational tool can be 

used to optimize hull forms at early design stage. In addition, the computational tool also 

provides an ANalysis of VAriable (ANOVA) analysis on the selection of important 

design variables for the Design of Experiments (DOE). Re-DOE cases that include only 

important design variables are conducted and similar optimal solutions are obtained by 

the computational tool. The computing time for an optimization case is within two hours. 

Thus, the developed computational tool provides an effective and inexpensive way for 

the optimization of ship hull forms at early design stage. 

Due to the modularity of the computational tool, more improvements and future 

works can be conducted: (i) Different optimization algorithms can be integrated into the 

tool to study the optimization process. (ii) Flow solvers with multi- fidelities can be used 

so that more features of the flow field can be captured and hence the objective functions 

can be evaluated more accurately. The surrogate model needs to be further developed. 

The co-kriging model that linearly combines two or more recognized objective functions 

can be applied for various fidelity problems. (iii) The self-adaptive sampling technique 
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can be developed for exploring the design space in a more robust way. (iv) More practical 

applications can be studied using this computational tool. They include, for example, the 

optimization for both the reduced drag and the improved seakeeping performance of 

ships, constrained optimizations in which different constraints can be considered and the 

optimization of configurations and/or positions for trimaran side hulls or a ship fleet. 
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