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ABSTRACT 

APPLICATIONS OF DENSITY FUNCTIONAL THEORY IN METALS AND 

SEMICONDUCTORS 

Joseph McGrady, M.S. 

George Mason University, 2017 

Thesis Director: Dr. Dimitrios Papaconstantopoulos 

 

This thesis presents applications of density functional theory for several materials using 

different approaches which are based on numerically solving the Schrodinger equation.  

The following three applications are presented.  (a) The NRL Tight-Binding (NRL-TB) 

method is used to investigate the crystal structures, vacancy formation energies, DOS, 

energy bands and elastic constants of Beryllium.  (b) The NRL-APW method is used to 

calculate the lattice constants, Density of States (DOS), and energy bands for several 

Lanthanide metals with an empirical modification for the f-electron states to improve 

accuracy compared to experiment.  (c) The band structure and DOS of alloys of C, Si, 

and Sn are explored using the Virtual Crystal Approximation (VCA) with several 

mixtures of their elemental three center parameter sets. 
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INTRODUCTION 

This thesis applies Density Functional Theory (DFT) methods in order to solve 

the Schrodinger equation to determine the properties of solid materials which are 

structured in a repeating crystal lattice of atoms.  The DFT methods solve the 

Schrodinger equation by expanding the wavefunction into a polynomial.  The form of the 

polynomial terms varies depending on the method being used.  The Augmented Plane 

Wave (APW) method uses spherical harmonics inside the so called “muffin-tin” spheres 

and plane waves outside the spheres.  Tight-Binding (TB) methods use atomic orbitals in 

the expansion.  All this leads to solving an eigenvalue problem by diagonalizing a matrix 

whose elements are of different form for each band structure method.  Many calculations 

can be done for one unit cell of the material in order to determine the characteristics of 

the entire bulk solid.  The equilibrium crystal structure of a material is predicted by 

finding the structure which minimizes the total energy per atom.  Structures with a lower 

total energy have more stability.  The total energy as a function of volume for a structure 

also facilitates the calculation of structural properties such as the bulk modulus and the 

pressure.  There are multiple different formulas for the total energy which involve 

approximations for the exchange and correlation component of the energy of the 

electrons.  The Density of States (DOS) is calculated as the number of electron states 

available per unit energy for a material and displays whether there is a band gap at the 
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Fermi level.  Band Structure is determined by solving for the energies of electrons along 

a set of k-point paths in the Brillouin zone and plotting the results.  The Band Structure 

can be analyzed to determine whether the material is a metal, semiconductor, or insulator 

which depends on the band gap characteristics.   
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CHAPTER 1: NRL-TB STUDY OF BERYLLIUM 

The NRL Tight-Binding (NRL-TB) method [1-5] was used to explore the crystal 

structures of Beryllium.  The equilibrium total energies of several Be structures were 

compared in order to predict the most stable structure (hcp) in agreement with 

experiment.  The DOS and energy bands were also determined and compared with first 

principles Linearized Augmented Plane Wave (LAPW) results.  In addition, the elastic 

constants were predicted and compared with experimental results.  The vacancy 

formation energies could not be predicted in good agreement with experiment due to 

limitations in the parametrization and the available hardware. 

NRL-TB Method 
The NRL-TB method solves the Schrodinger equation by expanding the one 

electron wavefunctions into Bloch sums and then solving a system of linear equations in 

the form [5] 

Equation 1 

�̃� − 𝐸𝑆 = 0 

where �̃� is the Hamiltonian matrix, 𝑆 is the Overlap matrix, and the size of the matrices 

is based on the number of atoms in the unit cell and the number of orbitals considered.  In 

the case of the NRL-TB total energy calculations, only s and p orbitals were included in 

the fitting and predictions, so the matrices are of size 4Nx4N where N is the number of 
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atoms in the unit cell [4].  The atom density formula is defined for each atom i in the 

NRL-TB method by the expression [4] 

Equation 2 

𝜌𝑖 = ∑ exp[−𝜆2𝑅𝑖𝑗]𝐹𝑐(𝑅𝑖𝑗)
𝑗≠𝑖

 

where 𝜆 is one of the NRL-TB parameters, 𝐹𝑐 is a cutoff function which smoothly 

approaches 0 as the distance between the atom pair increases, and the distance between 

the pair of atoms i, j is 𝑅𝑖𝑗.  The on-site parameters are described by the formula [4] 

Equation 3 

ℎ𝑖𝛼 = 𝑎�̃�𝛼 + 𝑏�̃�𝛼𝜌𝑖
2/3

+ 𝑐�̃�𝛼𝜌𝑖
4/3

+ 𝑑�̃�𝛼𝜌𝑖
2 

where 𝑎�̃�𝛼, 𝑏�̃�𝛼, 𝑐�̃�𝛼, 𝑑�̃�𝛼 are NRL-TB parameters and the density 𝜌𝑖 is given by Equation 

2.  The Hamiltonian and Overlap parameters are determined based on the form [4] 

Equation 4 

𝑃𝛾(𝑅) = (𝑒𝛾 + 𝑓𝛾𝑅 + 𝑓
𝛾

𝑅2) exp(−𝑔𝛾
2𝑅) 𝐹𝑐(𝑅) 

where 𝑒𝛾, 𝑓𝛾, 𝑓
𝛾
, 𝑔𝛾 are NRL-TB parameters, R is the distance between atoms, and the 

interaction type is given by 𝛾.  The NRL-TB parameters are found by minimizing the 

mean square error given by the expression [4] 

Equation 5 

𝑀 = ∑ 𝑤𝐸(𝑖)|𝐸𝐿𝐴𝑃𝑊(𝑖) − 𝐸𝑇𝐵(𝑖)|2

𝑗

𝑖

+ ∑ 𝑤𝐵(𝑖, 𝑘, 𝑛)|𝜀𝐿𝐴𝑃𝑊(𝑖, 𝑘, 𝑛) − 𝜀𝑇𝐵(𝑖, 𝑘, 𝑛)|2

𝑖,𝑘,𝑛

where 𝑤𝐸  and 𝑤𝐵 are weight functions for the energies and bands respectively, 𝐸𝐿𝐴𝑃𝑊(𝑖) 

and 𝐸𝑇𝐵(𝑖) are the total energies from the LAPW and TB calculations, 𝜀𝐿𝐴𝑃𝑊(𝑖, 𝑘, 𝑛) and 

𝜀𝑇𝐵(𝑖, 𝑘, 𝑛) are the eigenvalues from the LAPW and TB methods as a function of the 

structure i, k-point k, and band n. 
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Total Energies 
The total energies for 12 Be structures were calculated using the NRL-TB method 

based on a fit to first-principles LAPW results.  LAPW results for the fit were calculated 

for bcc, fcc, sc, and hcp with a range of c/a values.  The lowest nearest-neighbor distance 

range reached in the fit for hcp is 3.7-3.9 Bohr for some c/a ratios.  The parameters were 

not able to accurately predict energies beyond the nearest-neighbor distances for which 

they were fitted.  The predicted minimum energy structure is hcp with a c/a ratio of 1.60 

and a per atom volume of 53 Bohr^3.  Chou et al. calculated an experimental equilibrium 

structure is hcp with c/a=1.586 and a per-atom volume of 52.86 Bohr^3 [6].  The hcp 

structure is correctly predicted as the ground state, while diamond is predicted to be the 

highest energy structure.  The sc structure is also correctly predicted to be the highest of 

the cubic structures.  Another feature of the predictions is that the predicted a6, αHg and 

fcc structures are very close to each other in energy for the entire energy range of the 

calculation, and Figure 1 shows that the curves for these structures are on top of each 

other.  Table 1 displays the total energy results, and Figure 1 gives a visual comparison. 

 

 

 
Table 1 

Equilibrium total energies for a variety of Be structures calculated with the NRL-TB 

method based on the parametrization given in Table 8.  The total energies are ordered 

from lowest to highest. 

Structure NN Distance (Bohr) Volume 

(Bohr^3/atom) 

Total Energy 

(Ry/atom) 

hcp (c/a=1.60) 4.188 53.00 0.00022 

αHg (c/a=1.06) 4.193 53.00 0.00370 

a6 (c/a=1.00) 4.216 53.00 0.00371 

fcc 4.221 53.19 0.00372 
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bcc 4.096 52.91 0.00934 

c19 (a=0.94 

degrees) 

3.947 67.67 0.02288 

dhcp (c/a=1.32) 4.075 67.25 0.03263 

shex (c/a=1.29) 4.082 76.00 0.03501 

betaSn (c/a=3.43) 4.179 64.00 0.04376 

a9 (c/a=1.06) 3.638 74.25 0.04991 

sc 4.120 69.93 0.06842 

diam 3.897 91.13 0.09853 

 

 

 

 

 
Figure 1  

Total per-atom energy vs. volume for Be structures.  Be HCP is correctly predicted to be 

the equilibrium structure. 
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Elastic Constants 
The six independent elastic constants for the HCP Be structure were calculated for 

the equilibrium HCP Be structure shown in Table 1.  The parameter set listed in Table 8 

was used for the elastic constant calculations.  The values of C11-C12, C11+C12, C33, and 

C44 were determined by applying strains [7] to the equilibrium HCP Be structure and 

performing a range of NRL-TB total energy calculations which were then fitted using the 

Marquardt-Levenberg nonlinear least squares method [8, 9].  The strain used for C44 has 

the form 

Equation 6 

𝐸 = 𝐸0 + 0.5𝑥 ∗ 𝑉0[𝐶44 + 𝑥(𝑎 + 𝑥(𝑏 + 𝑐 ∗ 𝑥))] 
where 𝐸0 and 𝑉0 are the equilibrium energy and volume, respectively, x is the strain 

factor, and a, b, and c are the fitting coefficients.  The C33 strain has the form 

Equation 7 

𝐸 = 𝐸0 + 0.5𝑥2 ∗ 𝑉0[𝐶33 + 𝑥(𝑎 + 𝑥(𝑏 + 𝑐 ∗ 𝑥))] 
where 𝐸0 and 𝑉0 are the equilibrium energy and volume, respectively, x is the strain 

factor, and a, b, and c are the fitting coefficients.  The form of the C11-C12 and C11+C12 

strains is given by 

Equation 8 

𝐸 = 𝐸0 + 𝑥2 ∗ 𝑉0[𝐶 + 𝑥(𝑎 + 𝑥(𝑏 + 𝑐 ∗ 𝑥))] 
where 𝐸0 and 𝑉0 are the equilibrium energy and volume, respectively, C is the elastic 

constant (C11-C12, C11+C12), x is the strain factor, and a, b, and c are the fitting 

coefficients.  The values of C11, C12, C13, and C66 were then found algebraically using the 

relationships between the elastic constants as well as the Bulk modulus.  The bulk 

modulus in terms of the elastic constants is given by the equation [10] 

Equation 9 

𝐵 = [𝐶33(𝐶11 + 𝐶12) − 2𝐶13
2 ]/𝐶𝑠 
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where 𝐵 is the bulk modulus, 𝐶𝑠 is another value related to the elastic constants, and 𝐶11, 

𝐶12, 𝐶13, and 𝐶33 are four of the independent elastic constants for the HCP structure.  𝐶𝑠 

is given by the equation below [10]. 

 
Equation 10 

𝐶𝑠 = 𝐶11 + 𝐶12 + 2𝐶33 − 4𝐶13 
 

The elastic constant 𝐶66 is related to 𝐶11 and 𝐶12 according to the following equation 

[10]. 

Equation 11 

𝐶11 − 𝐶12 = 2𝐶66 
 

The bulk modulus B in Equation 9 was determined to be 114.889 GPa from a Birch fit 

[11] to the NRL-TB total energy results for the Be HCP structure with c/a = 1.60 near 

equilibrium volume.  The NRL-TB predicted value of 𝐶11 − 𝐶12 in Equation 11 is 

277.052 GPa.  NRL-TB predicts the value of 305.862 GPa for the 𝐶11 + 𝐶12 expression 

which appears in Equation 9 and Equation 10.  Table 2 compares the NRL-TB elastic 

constants to experimental results from Migliori et al. [12].  The experimental bulk 

modulus in Table 2 is taken from D. J. Silversmith and B. L. Averbach [13].  The elastic 

constants are in good agreement with experiment except for C44, which is much too large. 

 

 

 
Table 2 

NRL-TB HCP Be predicted elastic constants and experimental values for comparison.  

The elastic constant and bulk modulus units are GPa.  There is a good agreement with 

experiment in the bulk modulus and elastic constants with the exception of 𝐶44. 

Constant NRL-TB value Experimental 

value 

C11 291.5 293.6 

C33 306.9 356.7 
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C44 307.0 162.2 

C66 138.5 133.4 

C12 14.4 26.8 

C13 29.4 14.0 

B (bulk modulus) 114.9 110 

 

 

 

Density of States 
The density of states of HCP Be was calculated using the NRL-TB method as 

well as the LAPW method at the predicted minimum configuration of c/a=1.60 and a 

volume of 106 cubic Bohr.  A second NRL-TB parameter set (given in Table 9 in the 

appendix) was created based on a fit to the bands generated using the LAPW method at 

equilibrium because the total energy based TB parameters discussed above were not able 

to produce a DOS in good agreement with the LAPW results.  Figure 2 shows that the 

DOS between NRL-TB and LAPW compares well, with most of the features being 

reproduced by NRL-TB including the pseudo-gap near the Fermi level. A temperature 

broadening of 0.010 Ry was used to smooth the features of the LAPW and TB curves for 

the plot. 
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Figure 2  

Comparison of the density of states from the NRL-TB and LAPW methods for the HCP 

Be structure with c/a=1.6 and a unit cell volume of 106 Bohr^3. The Fermi energy is 

centered at 0 eV. 

 

 

 

Band Structure 
The band structure for HCP Be at equilibrium was calculated using both the NRL-

TB method as well as the LAPW method.  The TB parameter set given in Table 9 was 

used in the NRL-TB band calculations.  As Figure 3 shows, between -12eV and 12eV the 

fit is very good, with the NRL-TB method reproducing all features of the LAPW results. 
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Figure 3  

Comparison of the bands from the NRL-TB and LAPW methods for the HCP Be 

structure with c/a=1.6 and a unit cell volume of 106 Bohr^3.  The LAPW bands are 

shown in black and the NRL-TB results are in red.  The Fermi energy is centered at 0 eV. 

 

 

 

Vacancy Formation Energies 
The vacancy formation energies for the HCP Be structure were calculated for a 

large set of supercells from 54 atoms to 6750 atoms.  The vacancy formation energies 

were calculated using the formula displayed below [4] 

Equation 12 

𝐸𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 = 𝐸𝑣𝑎𝑐𝑎𝑛𝑐𝑦 −
(𝑁 − 1)𝐸𝑏𝑢𝑙𝑘

𝑁
 

where 𝐸𝑣𝑎𝑐𝑎𝑛𝑐𝑦 is the total energy of the vacancy supercell, 𝐸𝑏𝑢𝑙𝑘 is the total energy of 

the bulk supercell, and  𝑁 is the total number of atoms in the supercell.  Table 3 shows 

our results for the Gamma point.  The formation energies are negative, suggesting that the 

structure has more stability with the vacancy than without.  However, this contradicts 
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other calculations and experimental evidence which shows that the full HCP structure is 

the equilibrium state.  According to Ganchenkova et al., a large k-point mesh is required 

to relax the vacancy [14].  We made attempts to use large supercells at the Gamma point, 

as well as smaller cells with larger k-point meshes, but the results were not satisfactory.  

Attempts were also made to calculate vacancy formation energies for the Be fcc structure 

using the same parametrization for different k-point meshes (gamma, 6k, 20k, 85k) but 

they didn’t yield reasonable results. 

 

 

 
Table 3 

Vacancy formation energies calculated for the Be hcp structure at the Gamma point using 

the NRL TBMD code with the parameter set given in Table 8.  The supercell size is given 

in terms of multiples of the unit cell sides as well as the number of atoms. 

Supercell Relaxed Vac. Energy (eV) 

333 (54 atoms) -19.206 

444 (128 atoms) -2.823 

555 (250 atoms) -1.220 

888 (1024 atoms) -2.633 

999 (1458 atoms) -0.013 

101010 (2000 atoms) -1.053 

111111 (2662 atoms) -1.844 

121212 (3456 atoms) -1.398 

131313 (4394 atoms) -0.580 

141414 (5488 atoms) -1.202 

151515 (6750 atoms) -1.395 

 

 

 

 

The TBMD calculation results for larger supercells indicate that the convergence has not 

yet been fully reached, but could potentially be achieved if more powerful hardware were 

used to continue to move to bigger cells.  We could not perform calculations for Be HCP 

with more than 6750 atoms due to the limitations of the available hardware.  Figure 4 
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indicates that the vacancy energy begins to stabilize as the supercell size increases, 

however it appears to be converging to a negative value which contradicts experiment.  

Figure 5 displays the trend of increasing stability in the per atom total energy as the 

supercell size grows larger. 

 

 

 

 
Figure 4  

The relaxed vacancy formation energies given in Table 3 (excluding the 54 atom result) 

as a function of the number of atoms included in the supercell. 

 

 

 



14 

 

 
Figure 5  

The per atom total energies for the bulk, relaxed vacancy and unrelaxed vacancy 

supercells are shown as a function of the supercell size.  The plot shows that the energy 

begins to level off near the upper end of the calculated range. 

 

 

 

In addition to using larger supercells, increasing the size of the k-point mesh also has the 

same effect of improving the convergence of the supercell total energy, as demonstrated 

by Figure 6.  As was also the case for the large supercell calculations, the results begin to 

stabilize as larger calculations are performed, but the limitations of the hardware 

prevented us from continuing to full convergence. 

 

 

 



15 

 

 
Figure 6  

The per atom total energy for the Be HCP 250 atom supercell is given as a function of the 

number of k-points used in the mesh.   

 

 

 

Multiple vacancy calculations were also performed to attempt to discover the point at 

which the energy of the vacancy would begin to rise as expected.  Since even one 

vacancy should have a positive vacancy formation energy according to experiment, we 

expected that increasing the size of the vacancy would increase the vacancy formation 

energy, but this did not occur with our parametrization.  As shown in Figure 7, the 

vacancy formation energy vs vacancy size relationship is not monotonic and has 

pathological behavior. 
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Figure 7  

The vacancy formation energy of the 250 atom Be HCP supercell is presented as a 

function of the number of atoms removed.   

 

 

 

Mean Squared Displacement 
Molecular dynamics calculations were performed for the HCP Be structure with a 

supercell containing 250 atoms using the NRL-TBMD method.  The calculations were 

performed using the parameter set given in Table 8.  2000 steps were performed in each 

case with a timestep of 1 femtosecond.  The temperature in the simulations was initially 

set to twice the target equilibration temperature.  The first 300 iterations were discarded 

in the MSD calculations because the convergence of the temperature to around half the 

starting value needs several iterations to stabilize.  The temperature in each calculation 

continued to oscillate around the equilibrium values, but with a small amplitude.  The 

NRL-TBMD MSD results are presented in Table 4 and compared to a set of MSD values 
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derived from experimental Debye-Waller factors [15, 16].  The Debye-Waller factors 

were converted to MSD values using the relationship given below. 

Equation 13 

𝐷𝑊𝐹 =
8

3
𝜋2𝑀𝑆𝐷 

As shown in Figure 8, the NRL-TBMD MSD increases linearly with temperature and 

compares well with experiment.  Figure 9 displays the temperature oscillations in the 

900K equilibration simulation. 

 

 

 
Table 4 

The NRL-TBMD MSD for the HCP Be structure with a 250 atom supercell is compared 

with experimental MSD values.  The temperature is given in Kelvin and the MSD results 

are given in units of Angstroms squared. 

Temperature NRL-TBMD MSD Debye-Waller 

Factor 

Experimental 

MSD 

200 0.008470 0.2888 0.010973 

300 0.012797 0.4331 0.016456 

400 0.017308 0.5774 0.021939 

500 0.021847 0.7217 0.027421 

600 0.026003 0.8659 0.032900 

700 0.030374 1.0100 0.038375 

800 0.035125 1.1541 0.043851 

900 0.039963 1.2980 0.049318 

 

 

 

 



18 

 

 
Figure 8  

The NRL-TBMD MSD calculations for the HCP Be 250 atom supercell and the 

experimental values are presented visually for comparison.  
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Figure 9  

Molecular dynamics simulation temperature equilibration for a target of 900K with a 250 

atom Be HCP supercell.  The temperature starts at 1800K, and drops down to a stable 

oscillation close to 900K within the first few iterations. 

 

 

 

Summary 
 In conclusion, the TB Hamiltonian presented here reproduces very well the input 

first-principles LAPW results and in addition works well in predicting the energies of 

crystal structures other than those fitted, predicts elastic constants and is successful in 

performing molecular dynamics simulations leading to results for mean-squared 

displacements in very good agreement with experiment.  However, it is not clear that this 

Hamiltonian would work for calculations of vacancy formation energies even if we were 

able to increase further the size of the supercells used.   
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CHAPTER 2: SEMICONDUCTOR ALLOYS BY THE VIRTUAL CRYSTAL 

APPROXIMATION 

The objective of this study is to explore the possibility of finding a direct gap 

semiconductor based on Si.  The Virtual crystal approximation (VCA) was applied to 

band structure calculations of the alloy materials SiSn and SiC in the diamond crystal 

structure.  The DOS calculations were performed using the Tetrahedron method [17].  

The set of 38 three-center non-orthogonal TB fitting parameters taken from the book 

“Handbook of the Band Structure of Elemental Solids” [5] for each of the individual 

elements Si, Sn, and C were combined using weighted averages to produce parameter 

sets for the alloys.  The parameter averaging formula is 

Equation 14 

𝑃𝑖 = (1 − 𝑥) ∗ 𝑎𝑖 + 𝑥 ∗ 𝑏𝑖 
 

where 𝑥 is an averaging coefficient between 0 and 1, 𝑎𝑖 is the ith parameter of the first 

element, 𝑏𝑖 is the ith parameter of the second element, and 𝑃𝑖 is the ith parameter of the 

alloy. 

The alloy parameter sets were then used to calculate the band structure of the materials.  

Eight energy bands were calculated for each of 555 k-points.  The k-points are grouped 

into line segments in the Brillouin zone whose endpoints are well-known points (Gamma, 

L, X, etc.).   
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Energy Bands 
Alloys were created for the SiSn and SiC structures with increases in Si content in 

steps of 25%.  Calculations were performed for 0%, 25%, 50%, 75%, and 100% Si.    

Figures 10-14 show how the band structure of Sn changes as the amount of Si is 

increased.  Pure Sn has no gap at all.  Adding 25% Si opens up a small direct gap, but 

after increasing the Si to 50% and above the gap changes to a larger indirect gap near the 

X k-point.  The size of the indirect gap continues to increase as more Si is added. 

Figures 15-18 show the band structure changes as Si is added to C to form SiC alloys.  In 

this case, both of the constituent materials have indirect gaps, so it is not surprising that 

all of the alloys also show indirect gaps.  The gap size decreases as more Si is added to 

the alloy, because Si has a smaller gap than C.  The corresponding Densities of States 

(DOS) are shown at the bottom of the same Figures.  In the DOS Figures the energy gap 

begins at 0 eV and varies in size with the composition.  
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Figure 10  

The density of states and band structure of pure Sn plotted as a function of the distance 

travelled along the k-point lines through the Brillouin zone. 
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Figure 11  

The density of states band structure of the 25% Si, 75% Sn alloy plotted as a function of 

the distance travelled along the k-point lines through the Brillouin zone. 
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Figure 12  

The density of states and band structure of the 50% Si, 50% Sn alloy plotted as a function 

of the distance travelled along the k-point lines through the Brillouin zone. 
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Figure 13  

The density of states and band structure of the 75% Si, 25% Sn alloy plotted as a function 

of the distance travelled along the k-point lines through the Brillouin zone. 
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Figure 14  

The density of states and band structure of pure Si plotted as a function of the distance 

travelled along the k-point lines through the Brillouin zone. 
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Figure 15  

The density of states band structure of pure C plotted as a function of the distance 

travelled along the k-point lines through the Brillouin zone. 
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Figure 16  

The density of states and band structure of the 25% Si, 75% C alloy plotted as a function 

of the distance travelled along the k-point lines through the Brillouin zone. 
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Figure 17  

The density of states and band structure of the 50% Si, 50% C alloy plotted as a function 

of the distance travelled along the k-point lines through the Brillouin zone. 
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Figure 18  

The density of states and band structure of the 75% Si, 25% C alloy plotted as a function 

of the distance travelled along the k-point lines through the Brillouin zone. 
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Band Gap 
The SiSn alloys have gap characteristics that are a mixture of the behaviors of the 

Si and Sn materials individually.  While pure Sn has no gap (Sn is a semimetal) at all, 

adding a material with a gap (Si) creates an alloy material which has a gap, as shown in 

Table 5.  Since Si has an indirect gap, adding 50% or more of silicon to the alloy creates 

a material whose gap is also indirect and is found near the X K-Point as it is for silicon.  

For 25% Si, 75% Sn the gap is a direct gap located at the Gamma point.  Figure 19 

provides a visual representation of the variation of the gap as the SiSn mixture is varied.  

The SiC alloys all have indirect gaps.  Both pure Si and C also have indirect gaps and a 

SiC VCA alloy to form a direct gap material was not found.  As shown in Table 6 and 

Figure 20, the indirect gaps of the SiC materials are all found near the X k-point.  This 

can be compared with the SiSn results, for which high Sn content of 75% turned the gap 

into a direct gap at Gamma.  In conclusion, alloying Si with Sn creates a tiny direct gap at 

Gamma, but for all SiC alloys a direct gap does not occur. 

 

 

 
Table 5 

The SiSn alloy gap results are shown in this table for several different mixtures of Si and 

Sn.  All energies are given in eV. 

Alloy Indirect 

Gap 

Gap at 

Gamma 

Gap near X Gap at L Gap 

Type 

0% si, 100% sn 0.000 0.000 0.894 0.240 None 

25% si, 75% sn 0.311 0.311 0.623 0.330 Direct 

50% si, 50% sn 0.585 1.085 0.585 0.549 Indirect 

75% si, 25% sn 0.756 2.289 0.756 1.045 Indirect 

100% si, 0% sn 1.111 3.424 1.111 2.363 Indirect 

 

 

 

 



32 

 

Table 6 

The SiC alloy gap results are shown in this table for several different mixtures of Si and 

C.  All energies are given in eV. 

Alloy Indirect 

Gap 

Gap at 

Gamma 

Gap near X Gap at L Gap 

Type 

0% si, 100% c 4.035 5.745 4.035 8.384 Indirect 

25% si, 75% c 2.927 5.301 2.927 5.134 Indirect 

50% si, 50% c 2.112 4.781 2.112 3.255 Indirect 

75% si, 25% c 1.521 4.165 1.521 2.392 Indirect 

100% si, 0% c 1.111 3.424 1.111 2.363 Indirect 

 

 

 

 

 
Figure 19  

The SiSn alloy band gap size at multiple k-points is shown as a function of the percentage 

of silicon present in the alloy.   
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Figure 20  

The SiC alloy band gap size at multiple k-points is shown as a function of the percentage 

of silicon present in the alloy.   
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CHAPTER 3: EMPIRICAL APW STUDY OF LANTHANIDES 

The NRL-APW method with the Hedin-Lundqvist Local Density Approximation 

(LDA) [18] was used to calculate the equilibrium lattice constants, DOS, and band 

structure for several elements of the Lanthanide series (Z=58 to Z=63).  The Lanthanides 

have very high f-electron DOS near the Fermi level which decreases the accuracy of the 

LDA.  The valence f-electron states were shifted into the core in order to reduce the 

percent error of the predicted equilibrium lattice constants compared to experiment.  In 

the empirical shifted calculations a shift of 1 Ry was applied to the f-electron states in 

order to push them down into the core and exclude them from the valence electron energy 

window used in the NRL-APW package.  The shift was applied, following the same 

approach demonstrated in the previous paper “Electronic structure and superconductivity 

of europium” by Nixon and Papaconstantopoulos, in the radial part of the Schrodinger 

equation (for the f-electron states 𝑙 =3) shown below [19]. 

Equation 15 

−
1

𝑟2

𝑑

𝑑𝑟
(𝑟2

𝑑𝑢𝑙

𝑑𝑟
) + (

𝑙(𝑙 + 1)

𝑟2
+ 𝑉𝑛) 𝑢𝑙 = 𝐸𝑢𝑙 

Calculations were performed for Ce, Pr, Nd, Pm, and Sm using an fcc structure 

approximation.  Eu was calculated as a bcc structure because it has an experimental 

ground state structure of bcc [20]. 
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Volume Optimization 
The equilibrium lattice constants for several lanthanides were determined using 

both the standard NRL-APW package as well as the modified NRL-APW package which 

performs the 1 Ry f-electron states shift.  The 5p electrons were included in the valence 

band for the “unshifted” calculations in order to allow equilibrium lattice constants to be 

calculated more accurately.  For the f-electron states “shifted” calculations only the s 

electrons were included in the valence band.  Figures 21-26 present Ce, Pr, Nd, Pm, Sm, 

Eu respectively and compare the total energy vs volume curves from the “shifted” and 

“unshifted” results.  Table 7 lists the equilibrium lattice constants from the “shifted” and 

“unshifted” calculations and demonstrates the impact that the shift has on the percent 

error from experiment.  The experimental lattice constant values are taken from the book 

“Handbook of the Band Structure of Elemental Solids” [5] and are based on the 

equivalent volume fcc structure (except for Europium which has the experimental 

structure of bcc) determined from comparison with the true experimental structure.  The 

“unshifted” calculations underestimate the equilibrium volume while the f-electron states 

shift calculations overestimate the volume.  Figure 25 for Samarium visually displays the 

underestimation and overestimation of the volume compared to experiment.  For Cerium, 

the f-electron shift does not improve accuracy, but for the other Lanthanides considered 

there is an increase in accuracy for the f-electron shift.  From Pr to Eu the percent error 

increases for the “unshifted” calculations and reaches a very large value of 26.2% for 

Europium.  For the same Lanthanides the “shifted” calculations show decreasing percent 

error from experiment, and only 3.0% error for Europium.  Turek et al. also found 

significant improvement in predicting the lattice constant of the bcc Europium structure 
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by treating the f-electron states as core states using the spin-polarized LSDA approach 

[21].  The effects of spin-polarization are not considered in this study. 

 

 

 
Table 7 

This table compares the equilibrium lattice constants predicted by the f-electron shift 

approach with the results from the standard NRL-APW method.  The percent error for 

both standard NRL-APW and the f-shifted values is also given relative to experiment.  

The percent errors for the calculations which underestimate the experimental value have 

negative sign.  The lattice constants are given in Bohr.   

Structure Equivalent 

Experimental 

Lattice 

Constant 

Unshifted 

Lattice 

Constant 

Unshifted 

Percent 

Error 

f-Shift 

Lattice 

Constant 

f-Shift 

Percent 

Error 

Ce (fcc) 9.75 8.675 -11.0% 11.027 13.1% 

Pr (fcc) 9.75 8.391 -13.9% 10.906 11.9% 

Nd (fcc) 9.74 8.197 -15.8% 10.805 10.9% 

Pm (fcc) 9.7 8.056 -17.0% 10.698 10.3% 

Sm (fcc) 9.7 8.003 -17.5% 10.599 9.3% 

Eu (bcc) 8.6 (true exp) 6.349 -26.2% 8.339 -3.0% 
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Figure 21  

The Cerium FCC total energy vs volume curve calculated from the standard NRL-APW 

method is compared with the f-electron states shift calculation.  The f-electron states shift 

causes NRL-APW to predict a significantly higher equilibrium volume, and this behavior 

continues for the rest of the Lanthanides calculated using this approach. 
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Figure 22  

The Praseodymium FCC total energy vs volume curve calculated from the standard NRL-

APW method is compared with the f-electron states shift calculation, showing that the f-

electron states shift predicts a much higher equilibrium volume. 
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Figure 23  

The Neodymium FCC total energy vs volume curve calculated from the standard NRL-

APW method is compared with the f-electron states shift calculation, showing that a 

higher equilibrium volume is found when the f-electron states are pushed into the core. 
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Figure 24  

The Promethium FCC total energy vs volume curve calculated from the standard NRL-

APW method is compared with the f-electron states shift calculation, showing that a 

higher equilibrium volume is found when the f-electron states are pushed into the core. 
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Figure 25  

The Samarium FCC total energy vs volume curve calculated from the standard NRL-

APW method is compared with the f-electron states shift calculation, showing that a 

higher equilibrium volume is found when the f-electron states are pushed into the core.  

The vertical blue lines show the location of the experimental volume. 
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Figure 26  

The Europium BCC total energy vs volume curve calculated from the standard NRL-

APW method is compared with the f-electron states shift calculation, showing that a 

higher equilibrium volume is found when the f-electron states are pushed into the core. 
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f-electron Shift DOS and Bands 
The Density of States and band structure were calculated at the predicted f-shifted 

equilibrium lattice constants given in Table 7 for Ce, Pr, Nd, Pm, Sn, Eu using the f-

electron shift approach.  The same shift of 1 Ry was used as in the total energy 

calculations.  The f-electron states can be seen below the Fermi level in the -0.4 to -0.25 

Ry energy range in Figures 27-32.  In the DOS plots the tall f-electron peaks were cutoff 

at 100 States/Ry/Atom in order to allow the features of the smaller peaks near the Fermi 

level to be seen.  The f-electron states appear in the band plots as the dense band cluster 

near the bottom. 
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Figure 27  

The Cerium FCC DOS and band structure at the shifted equilibrium lattice constant a = 

11.026550 Bohr with the f-electron states shifted down by 1 Ry.   
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Figure 28  

The Praseodymium FCC DOS and band structure at the shifted equilibrium lattice 

constant a = 10.905770 Bohr with the f-electron states shifted down by 1 Ry.   
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Figure 29  

The Neodymium FCC DOS and band structure at the shifted equilibrium lattice constant 

a = 10.804820 Bohr with the f-electron states shifted down by 1 Ry.   
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Figure 30  

The Promethium FCC DOS and band structure at the shifted equilibrium lattice constant 

a = 10.697970 Bohr with the f-electron states shifted down by 1 Ry.   
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Figure 31  

The Samarium FCC DOS and band structure at the shifted equilibrium lattice constant a 

= 10.599180 Bohr with the f-electron states shifted down by 1 Ry.   
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Figure 32  

The Europium BCC DOS and band structure at the shifted equilibrium lattice constant a 

= 8.339270 Bohr with the f-electron states shifted down by 1 Ry.   
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Unshifted DOS and Bands 
 

The DOS and Band Structure were calculated using the standard NRL-APW 

“unshifted” method for Ce, Pr, Nd, Pm, Sm, and Eu at the “unshifted” predicted 

minimum lattice constants displayed in Table 7.  The 5p electronic states are shown in the 

Cerium DOS and bands in Figure 33 to demonstrate how they have been included in the 

“unshifted” calculations.  The DOS is cutoff at 100 States/Ry/Atom in order to 

effectively show the features of the DOS at lower densities. 

  



51 

 

 

 
Figure 33  

The Cerium FCC DOS and band structure at the unshifted equilibrium lattice constant a = 

8.675020 Bohr.  The 5p states are visible below -0.5Ry. 
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Figure 34  

The Praseodymium FCC DOS and band structure at the unshifted equilibrium lattice 

constant a = 8.390800 Bohr.   
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Figure 35  

The Neodymium FCC DOS and band structure at the unshifted equilibrium lattice 

constant a = 8.197060 Bohr.   

 

  



54 

 

 

 
Figure 36  

The Promethium FCC DOS and band structure at the unshifted equilibrium lattice 

constant a = 8.055640 Bohr.   
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Figure 37  

The Samarium FCC DOS and band structure at the unshifted equilibrium lattice constant 

a = 8.002690 Bohr.   
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Figure 38  

The Europium BCC DOS and band structure at the unshifted equilibrium lattice constant 

a = 6.348830 Bohr.   
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APPENDIX 1: NRL-TB PARAMETER SETS 

Table 8 

Parameter set fitted to sc, bcc, fcc, and hcp Be structures calculated using the LAPW method.  

This parameter set was used to perform NRL-TB calculations of the Be total energies, elastic 

constants, vacancy formation energies, and mean squared displacement.  The value of Lambda for 

this set is 1.10697844121.   

On-site parameters  

ℎ𝑙 = 𝑎𝑙 + 𝑏𝑙𝜌
2/3

+ 𝑐𝑙𝜌
4/3

+ 𝑑𝑙𝜌2  

𝑙 𝑎𝑙  (𝑅𝑦) 𝑏𝑙 (𝑅𝑦) 𝑐𝑙  (𝑅𝑦) 𝑑𝑙  (𝑅𝑦) 
𝑠 0.139927280012E+00 0.109053636679E+01 -0.259237983715E+00 -0.987212987451E+01 

𝑝 0.530189381304E+00 -0.358458512042E+00 -0.273250006195E+01 0.460993425452E+01 

Hamiltonian parameters 

𝐻𝑙𝑙′𝑢(𝑅) = (𝑒𝑙𝑙′𝑢 + 𝑓𝑙𝑙′𝑢𝑅 + 𝑓
𝑙𝑙′𝑢

𝑅2) exp(−𝑔𝑙𝑙′𝑢
2 𝑅) 𝐹𝑐(𝑅) 

𝐻𝑙𝑙′𝑢 𝑒𝑙𝑙′𝑢 (𝑅𝑦) 𝑓𝑙𝑙′𝑢 (𝑅𝑦/𝐵𝑜ℎ𝑟) 𝑓𝑙𝑙′𝑢 (𝑅𝑦/𝐵𝑜ℎ𝑟2) 𝑔𝑙𝑙′𝑢 (𝐵𝑜ℎ𝑟−1/2) 

𝐻𝑠𝑠𝑠 -0.132264468385E+02 0.103752184549E+02 -0.229419601601E+01 0.107502512044E+01 

𝐻𝑠𝑝𝑠 -0.126939866790E+01 -0.219527937230E+01 0.892218987951E+00 0.983009248888E+00 

𝐻𝑝𝑝𝑠 0.448223647756E+01 -0.781938365986E+01 0.197071918213E+01 0.105141924383E+01 

𝐻𝑝𝑝𝑝 0.760126404900E+02 -0.750226559114E+01 -0.617499141989E+01 0.126843493246E+01 

Overlap parameters 

𝑆𝑙𝑙′𝑢(𝑅) = (𝑒′
𝑙𝑙′𝑢 + 𝑓′

𝑙𝑙′𝑢
𝑅 + 𝑓′

𝑙𝑙′𝑢
𝑅2) exp(−𝑔′

𝑙𝑙′𝑢
2 𝑅) 𝐹𝑐(𝑅) 

𝑆𝑙𝑙′𝑢 𝑒′
𝑙𝑙′𝑢 𝑓′

𝑙𝑙′𝑢 (1/𝐵𝑜ℎ𝑟) 𝑓′
𝑙𝑙′𝑢 (1/𝐵𝑜ℎ𝑟2) 𝑔′

𝑙𝑙′𝑢 (𝐵𝑜ℎ𝑟−1/2) 

𝑆𝑠𝑠𝑠 -0.480707517328E+01 0.852693122500E+00 0.209090392606E+01 0.113250929634E+01 

𝑆𝑠𝑝𝑠 0.372343130618E+02 -0.517703529293E+01 -0.419325724127E+01 0.114390408494E+01 

𝑆𝑝𝑝𝑠 0.738070716601E+02 -0.102202788036E+02 -0.344999115105E+01 0.105871635617E+01 

𝑆𝑝𝑝𝑝 -0.385847675569E+02 0.635599429656E+01 0.199756781306E+01 0.114235692660E+01 

 

 

 
Table 9 

Parameter set fitted only to the first-principles LAPW bands of HCP Be at the NRL-TB predicted 

equilibrium.  These parameters were used to calculate the NRL-TB Be DOS and bands shown in 

Figure 2 and Figure 3, respectively.  The value of Lambda for this set is 1.08153019033. 

On-site parameters  

ℎ𝑙 = 𝑎𝑙 + 𝑏𝑙𝜌
2/3

+ 𝑐𝑙𝜌
4/3

+ 𝑑𝑙𝜌2  

𝑙 𝑎𝑙  (𝑅𝑦) 𝑏𝑙 (𝑅𝑦) 𝑐𝑙  (𝑅𝑦) 𝑑𝑙  (𝑅𝑦) 
𝑠 0.223887698801E-01 0.144393399125E+01 -0.421854765356E+01 -0.275618532372E+01 

𝑝 0.519542051728E+00 -0.283596204044E-01 -0.292665449809E+01 0.390121334337E+01 

Hamiltonian parameters 

𝐻𝑙𝑙′𝑢(𝑅) = (𝑒𝑙𝑙′𝑢 + 𝑓𝑙𝑙′𝑢𝑅 + 𝑓𝑙𝑙′𝑢𝑅2) exp(−𝑔𝑙𝑙′𝑢
2 𝑅) 𝐹𝑐(𝑅) 

𝐻𝑙𝑙′𝑢 𝑒𝑙𝑙′𝑢 (𝑅𝑦) 𝑓𝑙𝑙′𝑢 (𝑅𝑦/𝐵𝑜ℎ𝑟) 𝑓𝑙𝑙′𝑢 (𝑅𝑦/𝐵𝑜ℎ𝑟2) 𝑔𝑙𝑙′𝑢 (𝐵𝑜ℎ𝑟−1/2) 

𝐻𝑠𝑠𝑠 -0.190809791049E+02 0.859487930663E+01 -0.154963686011E+01 0.103289190469E+01 

𝐻𝑠𝑝𝑠 -0.322306082894E+01 -0.214496274230E+01 0.113116014865E+01 0.102093261446E+01 
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𝐻𝑝𝑝𝑠 -0.311439353801E+01 -0.805590925155E+01 0.231975011651E+01 0.101066630324E+01 

𝐻𝑝𝑝𝑝 -0.597833622551E+02 -0.117211913088E+02 -0.211127456933E+01 0.138942542803E+01 

Overlap parameters 

𝑆𝑙𝑙′𝑢(𝑅) = (𝑒′
𝑙𝑙′𝑢 + 𝑓′

𝑙𝑙′𝑢𝑅 + 𝑓′
𝑙𝑙′𝑢𝑅2) exp(−𝑔′

𝑙𝑙′𝑢
2 𝑅) 𝐹𝑐(𝑅) 

𝑆𝑙𝑙′𝑢 𝑒′
𝑙𝑙′𝑢 𝑓′

𝑙𝑙′𝑢 (1/𝐵𝑜ℎ𝑟) 𝑓′
𝑙𝑙′𝑢 (1/𝐵𝑜ℎ𝑟2) 𝑔′

𝑙𝑙′𝑢
 (𝐵𝑜ℎ𝑟−1/2) 

𝑆𝑠𝑠𝑠 -0.177013874976E+03 0.288859954866E+01 0.151860850290E+02 0.121511148786E+01 

𝑆𝑠𝑝𝑠 0.411550574665E+02 0.331331611168E+01 -0.635303044120E+01 0.113222660571E+01 

𝑆𝑝𝑝𝑠 0.509313342282E+02 -0.644754989662E+01 -0.398501222235E+01 0.109663567399E+01 

𝑆𝑝𝑝𝑝 -0.245002755061E+02 0.302960879207E+01 0.261797965606E+01 0.116378359732E+01 

 



59 

 

APPENDIX 2: LAPW HCP AUTOMATION 

An automation package for running hcp structure LAPW calculations has been 

developed in order to support performing volume and c/a optimizations without needing 

to manually run the program for each individual calculation.  The total energies for a set 

of volumes are calculated for the initial c/a and then the volume optimization process is 

repeated for the additional desired c/a ratios.  An LAPW input file template is used to 

generate the final LAPW program input file with the volume and c/a values for each step 

of the optimization.  The package takes an initial charge density file and uses it to 

perform the first calculation.  For each subsequent volume performed, the final converged 

charge density is taken from the previous run and used as the input for the next volume.  

The total Density of States is calculated for each volume using the converged charge 

density file and a plot is produced.   

Input Files 
The input files needed for the automation package are described in Table 10.  The 

package relies on template input files for the LAPW program which are configured for 

the desired structure.  The package dynamically replaces the volumes and c/a values in 

the template files as needed in order to perform a range of calculations.  An initial charge 

density must be supplied to be able to start the calculations.  A charge density from a 

similar previous run is preferred because it will converge more quickly.  The lapw.com 
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script from the LAPW package must also be present so that the automation can invoke it 

to run the LAPW program.  The auto.in file defines in the parameters which drive the 

variation of c/a and volume needed to perform the optimization of hcp structures.  Table 

11 provides a summary of each parameter defined in the file. 

 

 

 
Table 10 

Input files for the automation package. 

File Explanation 

auto.in Contains the parameters which control the 

package 

lapw.com LAPW program start script 

INFILE.template LAPW Input for calculating the total energy 

INFILEDOS.template LAPW Input for generating the QLMT file 

CDN.start Initial charge density 

 

 

 

 
Table 11 

Input parameters to be defined in the auto.in package input file. 

Parameter Sample Value Explanation 

volumeUpperBound 220 Starting unit cell volume in cubic 

Bohr 

volumesPerCA 6 The number of volumes to calculate 

for each c/a ratio 

volumeStep 10 Amount by which the volume will 

decrease between runs, in cubic 

Bohr 

caUpperBound 1.9 Starting c/a ratio for the range of 

calculations 

numCA 5 Number of c/a ratios for which the 

volume optimization will be 

performed 

caStep 0.05 Amount by which the c/a ratio will 

decrease between volume 

optimizations 

temperature 0.005 Temperature broadening in Kelvin 

emin -0.5 Lower end of the DOS energy 
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range in Ry 

emax 2.0 Upper end of the DOS energy range 

in Ry 

dosStep 0.001 Difference between DOS data 

points in Ry 

dosMAX 30 Cutoff value for the plot given in 

States/Ry/Atom 

numElectrons 4.0 Number of valence electrons of the 

structure 

 

 

 

Running the Package 
 

To run the automation, invoke the script hcpAutoLapw.com and redirect the 

output into a log file in the background as shown in the example below: 

./hcpAutoLapw.com >&log& 

The progress of the automation can be monitored by checking the log file. 

While the automation is running, it produces temporary files in the same directory 

where the script was invoked.  These files can be edited to modify the automation run 

dynamically without restarting.  The castep.dat file contains the step size for the c/a ratio, 

and cacurrent.dat contains the c/a ratio being used currently for the volume optimization. 

The automation produces an output folder for each ca ratio.  Under each ca folder 

is a range of volume folders labelled with a “v” followed by the volume in cubic Bohr.  

The ca folder also contains a file called dispeng1.dat which shows the energy vs volume 

data for all the volume calculations performed for that c/a. 
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