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 ABSTRACT  

ROBUST ESTIMATION AND SIMULATION OF DISTRIBUTIONAL VAR IN 

MULTI-STATE MODELS 

 

Robert Kevin Winkler, Ph.D. 

George Mason University, 2016 

Dissertation Director: Dr. James E. Gentle 

 

This research focuses on the computational modeling and inference of the 

behavior of a heterogeneous collection of financial instruments, for example residential 

mortgages, which assume various possible states.  The states of these instruments are 

influenced both by the individual characteristics of the instruments as well as the effects 

of external influences that may be stochastic in nature.  Simulation of the evolution, over 

time, of the distribution of the instruments’ states or other variables that are dependent 

upon object states is used to make statistical inferences concerning the future 

characteristics of the population of objects.   

 

A framework for modeling these types of problems and the movement of financial 

instruments between various states is described.  Several examples of application areas 

for this framework are mentioned and an extensive example from computational finance 

is used to demonstrate the methodology.  The specific example explored involves the 
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calculation of capital holding requirement that would be sufficient to insure that the credit 

losses associated with a portfolio of mortgages would be adequate to cover those losses 

with a pre-specified level of certainty.  This will be referred to as the Economic Capital 

Value-at-Risk (ECVAR) problem. 

 

This example was chosen because of the economic significance of the mortgage 

market and the benefit of leveraging information about the state of each mortgage over 

time in calculating ECVAR.  The U.S. mortgage market is substantial with more than 

$13.7 trillion in outstanding debt as of 2015.  The slump in this market figured 

prominently in economic decline that resulted in the Great Recession of 2007 through 

2009. 

     

Yet, despite the size and importance of this market, many of the models used for 

the risk management of mortgage portfolios failed to adequately identify the extent of 

potential losses in this market.  Such models, generally termed value-at-risk or VAR 

models generally appeared to be biased downward (i.e. underestimating the potential 

losses).  Such biases were present because models sometimes replaced random variables 

with estimates of the expected values of the variables resulting in understating the 

variance and the length of tails of the estimated loss distribution.   Other factors that 

contributed to mortgage credit loss model failures included too much reliance on 

estimated variance measures and reliance on over aggregation of data and/or models that 
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can lead to the appearance of less dispersion in the loss distribution by overstating 

diversification effects in a portfolio of mortgages or a mortgage-backed security. 

 

By focusing on the loan-level, joint estimation of mortgage payment states 

(including voluntary mortgage prepayments as well as defaults), less biased estimates of 

the tails of loss distribution can be obtained.   

 

Additionally, through the use of Monte Carlo simulation, information on the 

distribution of the losses in the tail of the loss distribution can be collected and examined 

for purposes of statistical inference.  This approach may be termed Distributional Value-

at-Risk (DVAR) and is similar to Conditional Value-at-Risk (CVAR) but supports 

calculation of higher level moments in the tails of the loss distribution in addition to 

being able to compute CVAR. 
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1 INTRODUCTION 

This research focuses on the estimation and simulation of a specific class of 

statistical models aimed at producing statistically robust measures of potential extreme 

outcomes of a random variable.  While this framework may be used in a variety of 

application areas, the principal application areas considered herein will be in financial 

modeling and especially in mortgage credit risk evaluation.  When applied to financial 

modeling, measures of extreme outcomes are generally referred to as Value-At-Risk or 

VAR methods. 

 

The aim of this chapter is to introduce the class of models or framework being 

considered in this research, some examples of application areas of such models, an 

introduction to VAR, and the applicability of this modeling framework to financial VAR 

problems.  I will also review relevant literature and summarize my contributions to this 

field. 
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1.1 Class of Models Being Examined 
 

In this section the general mathematical form for the type of model being 

investigated is described.  This modeling framework consists of four components.  These 

components and the order or their flow is depicted in Figure 1 below. 

 

 

 

Figure 1: Modeling Framework Process Flow 

 

 

The first component consists of modeling the independent variables that will be 

assumed to be determined exogenously to the system being studied.  The second 

component consists of modeling the individual objects (e.g. mortgages) of a collection of 

objects (e.g. a portfolio of mortgages) as they evolve through different states over time.  

Exogenous 
Component

State 
Component

Aggregate 
Function 

Component

Objective 
Component
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The third component is some aggregate function of the individual objects, the states 

associated with those objects at one or more time points, and the exogenously determined 

variables.  All three of the preceding components would generally be modeled as 

stochastic variables rather than as fixed quantities or expected values of stochastic 

variables.  Finally, the fourth component represents some aspect of the aggregate function 

in which we might be interested.  For example, if the aggregate function represents a 

single random variable then one might be interested in a particular quantile of this 

variable.   

 

While the state component is in some sense the most significant component, and 

the one that will be discussed in the greatest detail, the components have been listed in 

the order in which they are logically processed.  To simplify exposition, the four 

components will be referred to as: (1) the exogenous component, (2) the state component, 

(3) the aggregate function component, and (4) the objective component.     

 

These components will be described in greater detail in the sections immediately 

below.    

 

1.1.1 Exogenous Component 
 

 

The exogenous component of the model framework consists of all those 

explanatory variables that are determined separately or outside of the framework. In the 
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discussion that follows it will be assumed that there are K such independent or 

explanatory variables and that each of these variables evolves over time.  Generally, these 

variables will be assumed to be stochastic variables, although for analyses concerning a 

specific scenario or similar analysis conditioned on a specific path they may be treated as 

deterministic. Note that while these variables represent explanatory or independent 

variables for the subsequent model components they are not necessarily independent of 

each other. 

 

As stochastic variables, the explanatory variables will generally be simulated for 

analyses within the modeling framework.  Suppose ,

K

t n x  represents the random 

vector of explanatory variables at time t  applicable to the 
thn  object being modeled.  

Then the model for the intertemporal behavior of these variables might be given by 

 

 
, 1, ,( )t n t n t nf  x x ε   (0.0.1) 

 

where ,

K

t n ε  is some random error with known or assumed distribution.  The 

simulation would include the random effects of 
,t nε . 

 

Since the population of objects being modeled can be large this suggests that there 

could be a very high dimensionality for the exogenous component on the order of KN

processes, where N is the number of objects being modeled.  This is not necessarily the 
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case as will be seen in the computational financial example discussed further below.  In 

some applications, the states of multiple objects may be influenced by the same 

environmental variable or the objects may depend on non-stochastic characteristics of 

individual objects. 

 

I will make extensive use of simulation in the various examples of this modeling 

framework.  The notation 
,t nx will be used to represent the historical observation of the 

explanatory variable at time t  corresponding to object n .  These vectors will be the 

historical realizations of the explanatory variable stochastic process which will be 

referred to as the random variable 
,t nX .  The notation 

, ,t n ix  will be used to represent the 

realization of 
,t nX from simulation i .  The simulation would usually extend outside of the 

period of historical observation. 

 

1.1.2 State Component 
 

 

The main focus of the state component is to model the state in which each of N   

objects of interest are in at time t .  The objects of interest might be people, organisms, 

electronic components of a piece of equipment, stocks and bonds, and so on.  The state 

associated with an object would be one of a finite number of conditions in which each 

object might be observed. It will be assumed that there are total of S  possible states in 

which each object could be at any point in time.  Additionally, it is assumed that at any 
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point in time, an object may only be in one of the states. Following the discussion for the 

exogenous component, the notation
,t ns  will be used to denote the historical state in which 

object n  is in at time t .  This would be a realization of a random variable 
,n tS . The 

notation
, ,t n is  will be used to denote the 

thi  simulation of the random variable 
,n tS .  

Generally, the simulations will be performed at time periods outside of that of the 

historical observation period. It will be assumed that the state at time t  depends only on 

the state at time 1t   and the value of the variables determined in the models used in the 

exogenous component.   

 

The rest of this section will concentrate on the observation period and the 

development of the model underlying the state component.  Let 

 

 
, , , , , 1 , ,( ) Prob( | , )t n j k n t n t n t n tp S k S j  x x   (0.0.2) 

 

where  , 1,2, ,i j S   

 

This represents the probability that object n transitions from state j  in period t   

to state k  in period 1t   with probability  
, , , ,( )t n j k n tp x , which is conditional on the 

particular value of  
,n tx . 
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Under these assumptions the 
, , , ,( )t n j k n tp x defines a single step Markov process 

conditioned on the 
,n tx .  The reason this is emphasized is that this is not a true 

unconditional Markov Process since there is no assumption that the 
,n tx  are Markovian.  

In this event the evolution of the 
, , , ,( )t n j k n tp x  themselves will be path dependent and 

therefore not Markovian.   

 

The
, , , ,( )t n j k n tp x  can be organized in a transition matrix 

  

 

, ,1,1 , , ,1,2 , , ,1, ,

, ,2,1 , , ,2,2 , , ,2, ,

,

, , ,1 , , , ,2 , , , , ,

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

t n n t t n n t t n S n t

t n n t t n n t t n S n t

t n

t n S n t t n S n t t n S S n t

p p p

p p p

p p p

 
 
 
 
 
 

x x x

x x x
M

x x x

  (0.0.3) 

 

As a practical matter it will further be assumed that the functions
, , , ,( )t n i j n tp x  

depend upon n  and t  only through  
,n tx  so that we will use 

 

 

1,1 , 1,2 , 1, ,

2,1 , 2,2 , 2, ,

,

,1 , ,2 , , ,

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

n t n t S n t

n t n t S n t

t n

S n t S n t S S n t

p p p

p p p

p p p

 
 
 
 
 
 

x x x

x x x
M

x x x

  (0.0.4) 

 

If we define 
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, , , , ,( ) Prob( | )t n j n t t n t nS j  x x   (0.0.5) 

and  

 , , ,1 , ,2 , ,t n t n t n t n S     π ,  (0.0.6) 

 

then 
, ,t n j represents the probability that object n  is in state j  at time t . 

 

Given an initial state for object n , say  1,2, ,k S , then  

 
0, ,

0 if  

1 if 
n j

j k

j k



 


  (0.0.7) 

     

Then the probability for each of the states for object n  at time t  is given by 

 
, 0, ,

1

t

t n n m n

m

 π π M   (0.0.8) 

 

In later sections we will explore estimation and possible functional forms for the 

elements of the 
,t nM  matrix element probability functions. Since this modeling 

framework is sufficiently complex for all but the simplest of problems, we will use 

simulation instead of seeking an analytic solution to problems using the modeling 

framework. Such simulations will include stochasticity from the exogenous component 

variable as well as the stochasticity derived from simulating the conditional Markov 

process to derive sample state paths for the individual objects.  Thus the probabilities of 
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the conditional Markov process are stochastic for each time period and each object.  This 

will be discussed in more detail in subsequent sections. 

 

Once the simulations are performed we will have a collection of simulated 

realizations of the state path or progression over time, for each object, indexed by the 

particular simulation: 
, ,t n is .  

       

1.1.3 Aggregate Function Component 
 

 

The aggregate function component consists of a function that translates the 

random variables from the exogenous component and from the state component into a 

collection of random variables in which we are interested in making inferences. In the 

application examples considered below, this function is a deterministic function with 

arguments that are random variables.  However, there is nothing in the methodology that 

requires or assumes this function itself to be deterministic. 

 

The function employed may be very simple, such as indicating the frequency with 

which the various objects that are modeled in the state component enter a particular state 

of interest. Alternatively, the function could be more complex, as may be seen in the 

example below concerning determination of the probability that a system will fail during 

a given time interval. 
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The distribution of possible values for this function may be able to be determined 

analytically for small, simple, or specially structured problems. For most problems, 

especially those with a large number of objects being modeled in the state component, 

deriving the precise distribution would be untenable.  The framework is in fact 

particularly useful in modeling situations where the objects may not respond identically 

to changes in the exogenous component variables, i.e. where there may be heterogeneity 

in the behavior of the objects.  As a result, the use of Monte Carlo simulation methods 

would appear to be the more useful and viable strategy.  Such simulation is presumed 

throughout this work.  

 

Since no particular constraints are imposed on the nature of the aggregate function 

component it will be assumed that the simulations produced are denoted by 

1,1, , , 1,1, , ,( , ; , , )i i T N i i T N iA A s s x x  where  A  represents our aggregation function.  It 

will be assumed that   1,2, ,i I .  In the applications described below we will assume 

: TNK TNA   , however nothing precludes this function from being vector valued. 

 

1.1.4 Problem Objective Component 
 

 

The problem objective component is the target statistic or statistics of interest in 

analyzing the particular application problem for which the model framework is being 
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used.  For example, this could be as simple as the average value of the aggregate function 

component values 

 1

I

i

i

A

A
I




  (0.0.9) 

 

 In the Economic Capital Value at Risk (ECVAR) example that will be explored 

below we will be interested in estimating extreme values of the random variables  A  

which will be done by analyzing the empirical distribution of 1 2, , , IA A A .  For this 

application the main criteria that is of interest will be some quantile, such as the 99th 

percentile of the iA . 

  

1.2 Examples of Application Areas 
 

The class of models previously described can be used in a wide variety of 

applications.  In this section several possible application areas are briefly explored. The 

first example looks at estimating the likelihood that a machine, network, or other system 

is operational or conversely has failed. The second example considers a biological system 

where one may be interested in the likelihood that a population of organisms falls below 

some critical size or goes extinct. Finally, the third example looks at the problem of 

providing financial insurance in the event of some form of loss condition. This last 

example will be considered in significantly more detail in the remainder of this 
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dissertation.  The purpose of these examples is to show the broad applicability of this 

type of model in various disciplines.  

 

1.2.1 System Reliability 
 

 

Consider a system such as a computer network, machine, or software system 

comprised of a number of components labeled 1,2, , N .  The operational status of the 

components are denoted by 1 2, , , ny y y .  For simplicity in exposition, it will be assumed 

that if 1iy  , component i  is operational and if 0iy  then component i  is not 

operational.  

 

Let 1 2( ) ( , , , )Ny y y y   be a function representing the operational status of the 

entire system, with ( ) 1y   indicating that the system is operational and ( ) 0y   

indicating that the system has failed.  Then the objective might be to determine the 

probability that the system would still be operational at some future time period T .  

Assuming that the operating status of the system at time t  depends only on the state of 

the system and its components at time 1t  , then the objective is to determine the 

probability that the system is operational  

 

 
,1 ,2 ,

1

Prob( ( , , , ) 1)
T

O t t t N

t

p y y y


    (1.2.1) 
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where 
,t iy is the operating status of component i  at time t .   Conversely, the probability 

of failure would be 

 
,1 ,2 ,

1

1 Prob( ( , , , ) 1)
T

F t t t N

t

p y y y


     (1.2.2) 

While I will not explore the details of the reliability function it should be noted 

that for a coherent system the system may be decomposed into subsystems which are 

arranged in series or parallel configuration.  These subsystems can be similarly broken 

down into other subsidiary subsystems also arranged in series or parallel configuration 

until the entire system is decomposed to the level of the individual components.  A 

parallel subsystem is operational if at least one of its constituent components is 

operational and a series subsystem is operational when all of its constituent components 

are operational.   A coherent system is generally one where the failure of any component 

does not increase the probability that the overall system is operational.  Coherent systems 

and system reliability modeling are discussed in (Barlow and Proschan 1975). 

 

Suppose that 
, , 1,Prob( 1| , )t i t i t t ip y y   x , that is the probability that component i  

is operational at time t  depends on some vector tx  of independent variables and the state 

of component i  in the previous time period.  The independent variables might include 

variables such as the age of the component, the ambient temperature of the system, 

humidity levels, at time t .  Then assuming that the component is operational at time 0t 
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, the operating status of the component at time t  is 
, ,1t i as determined from the Markov 

chain equation  

    , ,0 , ,1 ,

1

0 1
t

t i t i s i

s

 


 M   (1.2.3) 

where  

 ,

, ,

1 0

1s i

s i s ip p

 
  

 
M   (1.2.4) 

Note here that the failed state is an absorbing state and once entered is never left. 

 

The aggregate function component is the function that relates the operational 

status of the system components to the operating status of the system.  Specifically, if we 

perform I  simulations over T  time periods to obtain simulation results 
, ,t n iy , then we 

might be interested in determining the probability that the machine would be operating at 

time T .  In this case the aggregate function component would be  

 
,1, ,2, , ,

1

( , , , )
T

i t i t i t N i

t

A y y y


   (1.2.5) 

which has a value of one if the system is operational and zero if it has failed by time T  if 

we are interested in system being up continuously through time T .   

 

The problem objective component might simply be the probability of the system 

having failed by some preselected time T , Fp  .  Then the solution would be  
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 11

I

i

i
F

A

p A
I

  


  (1.2.6) 

  

Possible additional uses include system design (designing a more resilient system 

with lower probability of failure), component maintenance and replacement strategies, 

mean time to failure analysis, etc.  

 

For more complex reliability problems, where the components can take on more 

than one of two states, it is straightforward and consistent with the class of models being 

discussed to all the components to assume more than a binomial state.  

 

1.2.2 Biological Systems 
 

Consider a population of some form of organism, for example an endangered 

species of animal.  The objective might be to assess the probability that the population 

will fall below some critical size.   

 

It might be supposed that the initial population consists of N animals at an initial 

time period 0t  .  While in the last example of system reliability where the components 

were in the binary states of operational or failed, for this example states might be 

composed of many more states, for example  

  ,G male female   (1.2.7) 
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  , , ,H juvenile adolescent breeding adult senior adult   (1.2.8) 

    S G H deceased    (1.2.9) 

S represents the set of possible states of each organism at any point of time with 

9S   in this example.  A complexity of this example is the need to account for 

reproduction, which can be incorporated by adding to the new population members when 

there are positive numbers of breeding age adults of both genders in the population.  

Observe that the states as specified do not include any age of the animals but this can 

easily be handled through the exogenous component keeping track of the age of each 

animal and then using this as one of the variables upon which the state transition 

probabilities are conditioned. 

 

Consistent with the class of models being described in this research, the 

probability of a specific animal being in a particular state at time t  will depend on the 

animal’s state in time 1t   and a vector of explanatory variables.  Such variables might 

include age, environmental characteristics of the habitat, male and female breeding 

populations as of time 1t  , etc.   

 

Note that nothing in the model framework assumes homogeneity of the objects 

being modeled.  Therefore, we could assume that there are competing populations of 

animals in the ecosystem, for example populations of prey and predator species.  The 

state probabilities of each might depend upon the number or geographic density of the 
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other species.  The problem objective component might then be the probability that the 

ecosystem collapses with populations dying out or failing below some critical thresholds. 

 

1.2.3 Financial Risk Management 
 

 

There are numerous applications of the modeling framework that may be applied 

to financial management problems.  Financial problems often involve calculating some 

loss reserve or the likelihood of some deleterious event occurring.  As an example 

consider a life insurance company that collects premiums in return for a promise to pay a 

certain amount of coverage in the event of an insured persons death.  Each year, the 

insurance firm may be interested in estimating the probability that it will suffer a loss 

from the portfolio for the effective life of the portfolio.  In the terminology previously 

introduced, the objects being modeled are the individual insured people.   

 

The exogenous component might consist of some stochastic interest rate process 

that could be used for discounting any cash flows to current values.  There might be a 

somewhat trivial deterministic process of the number of time periods into the analysis 

horizon which would be used to age the individual who are insured.  Other relevant 

processes could be considered as well. 
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The state component would be the definition and estimation of probability models 

for the states in which the insured may be in at some time period.  For example, the states 

might include 

 

 
{  ,  ,  

,   ,   ,    }

premiums current premiums delinquent

died claim paid claim denied policy lapsed

S 
  (1.2.10) 

 

Then the probability transition functions for these states might include 

explanatory variables, for the insured individuals, such as their ages, genders, 

occupations, monthly premiums (both for calculating policy income and high premiums 

could also incent an insured to terminate and find a cheaper policy), benefit value of 

policy, and so on.  This state component would then be simulated, say sN  times, over a 

horizon determined by all of the insureds either dying or terminating their policies.    

 

The aggregate function component would simply calculate the net-present-value 

(discounted using the interest rate model) of the premiums collected less the death 

benefits paid for each simulated path.  For example, for each simulation i  the objective 

function might be computed as 
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   (1.2.11) 
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where the variables are: the profit or loss for simulation i  ( i ), the insurance 

premium ( p ), death benefit ( b ), annualized discount rate ( tr ), number of individuals 

paying premiums (
, ,t s in ), number of decedents (

, ,t d in ).  For simplicity the premiums and 

benefits were assumed to be the same for all of the insured. 

 

Finally, the Objective Component in this case would be the simple expected 

probability of loss, Lp   

 
1

( 0)sN
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   (1.2.12) 

 

where 

  
0 if  is false

1 if  is true

b
I b

b


 


  (1.2.13) 

 is an indicator function. 

 

1.3 Application to VAR Problems in Computational Finance 
 

In financial risk management, Value-At-Risk or VAR usually refers to some 

statistical measure of risk of experiencing a loss on some portfolio of financial 

instruments.  VAR measures are associated with some prescribed time horizon T and 

their objective is to measure an extreme outcome such as a catastrophic loss or change in 

the value of an investment portfolio.  Such an extreme outcome may be defined as some 
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form of statistical measure such as a standard deviation of the loss function or an 

estimated value of the tail of the loss distribution.   

 

The standard deviation approach of course does not directly depend upon any 

distribution assumptions on the loss function.  However, since modeled loss functions 

may depend upon the use of parametric distribution the implications of the standard 

deviation approach would generally be distribution dependent.  Knowing only a standard 

deviation does not provide much information about the probability of the extreme loss 

occurring.  As a result, this research considers only VAR measures for which one may 

associate some probability of occurrence of the extreme event. 

 

The modeling framework described earlier will be used to explore a particular 

type of VAR problem from computational finance where the objective is to determine the 

amount of capital that must be held to insure there are adequate funds to cover the losses 

on a portfolio of residential mortgages with some prescribed level of certainty (i.e. 

probability).  The solution to this problem is of interest to any institution that provides 

some form of financial insurance or guarantees on the cash flows from a portfolio.  The 

problem is complicated by factors such as: heterogeneity of the mortgages (e.g. due to 

differences in borrower behavior and circumstances), long time horizons (e.g. the term of 

mortgages in the U.S. are typically 30 years), the impact of the future economic 

environment (e.g. interest rates and housing prices), among other factors.  This problem 
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will be subsequently referred to as the Economic Capital Value-at-Risk problem or 

ECVAR for short. 

 

1.4 Literature Review and Motivation 
 

 

The development of the modeling framework introduced above began with 

research in the financial engineering of fixed income portfolios.  Originally this research 

involved looking at the risk management and measurement of portfolios of bonds, debt 

instruments, and various derivatives.  The general objective was to construct portfolios 

that minimized the likelihood of losses occurring either through significant declines in 

value and/or by the default of portfolio counterparties.   This also necessitated 

determination of the dispersion of values of portfolio gains and losses.  

 

For portfolios of corporate and government bonds, and derivatives of these 

instruments, the migration of bond ratings over time plays a key role in their valuation.  

Rating firms are retained to assess the credit worthiness of a corporate or sovereign 

government bond, which they perform by assigning a rating category to the bond.  Each 

rating category is associated with an expected probability of default (i.e. that the bond 

and all of its payments will not be made in full).  As one would expect, the rating of the 

bond will influence the effective interest rate on the bond. 
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As a result, modeling the likelihood and timing of transitions in bond ratings is an 

important component of valuing them, necessitating the development of rating migration 

models to use in the valuation and risk management of these investments.  Firms which 

provide these rating services periodically produce static probability transition matrices of 

these migrations between various rating categories (see for example Fitch Ratings (2003) 

or Moody’s (2003)). 

 

The general approach in utilizing such transition matrices is to employ them in a 

Markov chain model.  This is either done by validating that the matrices represent a path 

independent chain (i.e. the next rating depends only on the rating in the previous period) 

or simply assuming that the process is Markovian.  Unfortunately, these matrices turn out 

often to be path dependent so the Markovian assumption is poor.  Violi (2008) explores 

the development of statistical methods to analyze and compare ratings migrations through 

various structured finance products and bonds.  These methods include tests for 

consistency in ratings across different product sectors, statistical significance in 

differences across rating matrices, and applicability of Markov or path-dependency in the 

implied processes. 

 

 Mortgage-backed securities (MBS) prove to be different because individual 

residential mortgaged underlie these securities.  The behavior of these securities are 

heavily influenced by the behavior of the mortgagors who have taken out the loans.  So 

modeling the financial performance of these securities depends upon understanding and 
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estimating the behavior of the mortgagors with respect to factors such as timely payments 

on their mortgage, voluntarily paying the mortgage off (due to a move, refinance, etc.) or 

defaulting (perhaps due to a job loss or economic disincentive such as owing more than 

the value of the property).  The models that are used to predict such behavior generally 

make assumptions that the mortgagors are homogenous and behave similarly so that the 

models treat the mortgagor behaviors as fungible.   

 

Most of the mortgage termination models, including voluntary prepayments and 

defaults, are based on survivorship models such as the Cox proportional hazards model 

(Cox and Oakes (1984)).  A typical formulation for such a survivorship model has the 

form: 1t t tU U   where tU  represents the unpaid outstanding balance of the loan (or 

loans) at time t  and t represents the fraction of loans that terminate in period t  .  In such 

models t  is a fraction with [0,1]t   . 

 

The term t is generally treated as a function with a prescribed form.  Green and 

Shoven (1986) used the proportional hazards framework to model mortgage turnover as a 

function of explanatory variables such as interest rates utilizing Texp(t t  x β)  with 

, n

t x β and β  a vector of unknown but estimable parameters.  In this model individual 

mortgages could be considered but the intent was to measure the expected turnover and 

not the variability in turnover. 
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Such models of mortgage terminations resulted in the development of 

standardized prepayment model ‘template’ such as the PSA Prepayment Model which 

was developed by the Public Securities Association (which later became the Bond Market 

Association and was subsequently merged into the Securities Industry and Financial 

Markets Association (SIFMA)).  The PSA Prepayment model is not actually a model of 

prepayments but reflects a stylized function over time for insurance terminations 

(voluntary prepayments and defaults) on certain types of Federal Housing Administration 

(FHA) loans.  The model postulates that prepayment speeds start at a rate of zero at 

month zero and for the next 30 months rise at a rate of 0.2 percent each month (on an 

annualized basis) and then once they have attained a monthly termination speed of six 

percent (on an annualized basis) continue at that speed throughout their life.  Although 

this model is applicable only to FHA loans and does not make any adjustments for other 

variables (e.g. interest rate movements) it is often used as a basis for reporting relative 

prepayment speeds or as a ‘baseline’ prepayment model which is adjusted by different 

factors based on other explanatory variables.  The interest here is not so much on the PSA 

model itself but how it has been adapted to model mortgage termination behavior.  Even 

when applied to individual loans, it presumes that loans are infinitely divisible with part 

of each loan independently surviving, voluntarily prepaying, and defaulting each period.  

This is not a reasonable assumption.  For example, when a loan default occurs all of the 

parts simultaneously terminate which is inconsistent with independent behavior.    
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The divisibility assumption, as will be seen in the ECVAR application presented 

later in this dissertation, is a poor one.  To get some sense of this, consider a simple 

stylized example where we have an outstanding mortgage balance of 1tU    and assume 

that the frequency of default is t   with 0 1t  .  Then with the divisibility 

assumption, the amount of the default (i.e. the loss) in period t  is 1 t tl U  .  The actual 

loss, however, is a random variable  

 

 2

1

0 with probability 1

with probability 

t

t t

L
U



 


 


  (1.4.1) 

 

where 0.35   is a typical value and represents the fraction of unpaid principal balance 

that is not recovered. 

 

While the random variable 2L  has the same expected value as 1l , that is 

2 1( )E L l , we observe that  

 

 1 1 2 1max( ) max( )t t tU l L U       (1.4.2) 

  and  

 
2 2

1 2 10 ( ) ( ) (1 )t t tVar l Var L U       (1.4.3) 
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Equation (1.4.2) indicates that the maximum loss using 2L versus 1l  is 
1

t
.  Since 

generally 0.01t , this implies that a loss event may be understated by more than 100 

fold.  Equation (1.4.3) indicates that the stochasticity of 2L  is completely ignored using 

1l .  The distinction between treating the defaults as an expected value versus a probability 

will figure prominently in the ECVAR problem that will be explored.  Even when 

considering portfolios of mortgages with thousands of loans and values in the hundreds 

of millions of dollars we will see that the use of the calculation with expected values 

materially understates the tail risk of the loss distributions. 

 

Generally, when a mortgage-backed security is valued, the termination modeling 

treats all of the mortgages in that security as if they were homogenous – that is the 

mortgages are modeled as an aggregate and infinitely divisible mortgage.  This can be 

rationalized when there is no specific information on the constituent mortgages but once 

again this produces a downward biased result because it ignores the stochasticity from the 

individual termination characteristics of the mortgages in the security.  Modeling at the 

loan level allows the constituent mortgages in a portfolio or security to be treated 

stochastically separately as well as accounting for individual differences in the mortgage 

characteristics (e.g. explanatory variables). 

 

Returning to the Green and Shoven (1986) type of termination model, we note the 

specific functional form that was chosen – specifically a logistic function.  The choice of 
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a specific function is characteristic of econometric models of loan terminations.  The 

logistic function insures that the terminations are non-negative which is consistent with a 

survival model.  Other authors use alternative specifications, for example  arctan   

functions since such functions visually mirror often observed behavior of the loan 

termination rates to changes in some of the explanatory variable values. 

 

A pertinent question is whether or not these functions are appropriate and there is 

generally a fair degree of subjectivity in their selections.  LaCour-Little, Marschoun and 

Maxam (2002) address this issue with the use of kernel regression to improve the 

performance of mortgage prepayment models.  This work involves the estimation of 

binomial logit models to predict mortgage terminations (they do not separate voluntary 

prepayments and defaults).  So the model that they consider is effectively a two-state 

model.  We shall see in our ECVAR model that there is value in separating voluntary 

prepayments from defaults as well as incorporating other payment states.  To motivate 

this from an economic perspective consider a three-state model where a loan that is in a 

portfolio or security can either not terminate (i.e. continue on), voluntarily payoff, or 

default.  We might expect loans associated with low credit scores, little equity, and a high 

interest rate to be those most likely to move towards default whereas those with higher 

credit scores, high interest rates and higher equity to be more likely to move to voluntary 

prepayment (perhaps the mortgagor will want to refinance elsewhere).   

 



 

28 

 

We will see that other payment states may help us better predict the longer term 

behavior of the mortgages in a portfolio.  To assist with this effort, the work of Cai, Fan 

and Li (2000) in developing point estimates in models with unknown functional 

specifications is leveraged.  While this work was predicated on developing point 

estimates, their methods are employed more generally to develop tangent plane 

coefficient estimates to multinomial logit models used in modeling the various mortgage 

states that we will be interested in modeling. 

 

One final consideration is that in using the models that will be discussed below, 

we want to make certain that the risk measures we produce are flexible and ‘coherent’.  

Artzner, et al. (1999) proposed a set of properties that were desirable for measuring both 

market and non-market risks which they termed to be coherent risk measures.  For 

example, one of these properties is that of subadditivity implying that if we are provided 

comparable coherent risk measure on two different portfolios the corresponding sum of 

these measures would serve as a coherent risk measure for the combined portfolios.  This 

is certainly a convenient property since the measures on the individual portfolios could be 

developed independently. 

 

Perhaps the most widely used measure of risk is the variance or a related measure 

such as volatility.  Unfortunately, such measures fail the subadditivity requirement for 

coherent measures.  This is because the sum of the variance of returns of two portfolios is 

not the variance of the combined portfolio since there is generally nonzero covariance 
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between such portfolios.  So to compute the variance of the combined portfolio returns 

one would need to model both of the constituent portfolios consistently.  Keeping this in 

mind it is desirable that in the application of the modeling framework to VAR problems, 

that our measures would ideally be coherent and additive.  One measure, sometimes 

called PVAR looks at the tail probability of say the 99th percentile of losses in a portfolio.  

Clearly this is measure will satisfy the subadditivity requirement since the two 99th 

percentile loss levels would be greater than or equal to that of the combined portfolio. 

 

1.5 Contributions to VAR Modeling 
 

 

The research described herein provides a number of contributions that can 

improve the robustness of models of extreme values associated with populations of 

potentially heterogeneous objects.  This is especially true in the areas of computational 

finance and VAR, as will be explored in later chapters.   

 

 The modeling framework that I developed allows individual object 

‘behaviors’ to be modeled and subsequently aggregated which often 

provides more information about the collective behavior of a system than 

a model that attempts to model the aggregate behavior collectively.  For 

example, if one is attempting to model the spending behavior of a 

population of people it would be better to look at how the individuals at 
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different income levels behave versus how individuals with the average 

population income spend. 

 

In exploring the application of the modeling framework to mortgage credit 

analysis (e.g. the ECVAR problem) there are a number of domain specific contributions 

that are offered.  For example,  

 

 I introduce a method for integrating the modeling of voluntary and 

involuntary mortgage terminations (prepayments and defaults) in a joint 

estimation and can be expected to improve the statistical efficiency of 

model parameter estimates.  Default and prepayment models are generally 

estimated independently. 

 

Another contribution is a demonstration of the value of incorporating mortgage 

state information (payment status) into the modeling process for mortgage credit risk.  

Even without using the actual status history, incorporating general state evolution 

processes results 

 

 in generating far superior identification of loans that will eventually 

default.  Specifically, for the ECVAR demonstration I show that when 

state evolution models are incorporated into the framework they greatly 
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improve the classification of which loans will ultimately default even 

though the only historical state information used is that of the initial 

period.     

 

The approach that I proposed for VAR analysis retains the simulated distributions 

of portfolio default probabilities and losses.   

 

 These results can be used for the computation of ‘coherent’ risk measures 

such a CVAR as mentioned in the preceding section.   

 Maintaining the simulated empirical default and loss distribution tails 

allows us to compute higher order moments of the distribution and 

approximate or make more elaborate inferences about extreme values.  For 

example, collecting the tail information at the 99th  percentile level would 

allow us to calculate higher order moments via the simulated values, an 

Edgeworth expansion on the moments derived from the tail values, or 

from a kernel density estimation on these values. 

 

Also, I identified and addressed the missing stochasticity in traditional 

prepayment and default models.   
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 My investigation shows that the missing stochasticity leads to material 

underestimates in VAR measures related to mortgage credit risk. 

 

The situation where the model specification is unknown is discussed and I 

developed an approach for finding an   

 approximation of the ‘true’ model specification.  This innovation along 

with the other contributions mentioned above can produce more robust 

VAR estimates. 
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2 MODEL PROPERTIES, ESTIMATION AND SIMULATION 

This chapter will lay out the mathematics and properties of the model framework 

and the algorithms used for model estimation and simulation.  

 

2.1 Properties 
 

As indicated in the previous chapter, the core of the model framework is the 

modeling and simulation of the transition probability matrix of the state component.  In 

this section, the approach for modeling these transition functions is explored.  The first 

property to note is that since the rows of the transition matrix represent conditional 

probability distributions, the likelihood function is separable and each row can therefore 

be estimated individually.  This is true provided that there are no constraints imposed 

between the parameters of different originating states.  This is not a particularly strong 

restriction since we will see later that it may prove challenging to hypothesize such 

constraints.  In any event dropping this assumption is not a significant mathematical 

challenge. 

 

Now consider the likelihood function for a single observation corresponding to a 

transition of the form 1t ts i s j   .  In other words, the object was observed moving 

from state i   in period t   to state j   in period 1t   for some  , 1,2, ,i j S .  The 

likelihood for a single such transition will be 
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(1, ) (2, ) ( , )

,1 ,2 ,( ) ( ) ( )
I j I j I S j

i i i SL p p p x x x ,  (2.1.1) 

  

where Kx  is the observed value associated with the transition and where  

 

 
0 if 

( , )
1 if 

x y
I x y

x y


 


. (2.1.2) 

 

Then the conditional log-likelihood associated with this transition is 

 

  ,log ( )i jp x .  (2.1.3) 

 

A useful form to use for the  
, ( )i jp x is the multinomial logit, that is: 
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  (2.1.4) 

so that  

 
, ( ) 0i jp x   (2.1.5) 

and 
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i h
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 x .  (2.1.6) 
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The constraints (2.1.5) and (2.1.6) insure that row i  is a true probability function.  

Keep in mind that Kx  and 
,

K

i j β .  Then 

 T T

, ,

1

log exp( )
S

i j i h

h

 
    

 
x β x β .  (2.1.7) 

Note that for any  , 1,2, ,n m S  such that n i ,  that 
,n m





0

β
.  This 

confirms that we can estimate the parameters of the likelihood functions for each row of 

the transition probability matrix separately since they are independent.   

 

As specified the 
,i jβ  are not uniquely estimable since for any 

Kγ  we have  
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x β x β γ
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.  (2.1.8) 

To remedy this we can simply constrain one of the parameter vectors to zero.  It 

will generally be assumed throughout that 
,1 0i β .  Then we have 
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Now consider the derivatives of .  Since 
,1 0i β  we only need to consider 

,i q



β
 

for 1q   .  The derivatives are 
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 , (2.1.10) 

 

or equivalently 
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x x
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 . (2.1.11) 

 

Suppose that we have V  observations associated with row i  of the transition 

probability matrix.  The observations consist of any transition of the form vi s and have 

an associated observed vector of explanatory variables vx  for {1,2, , }v V .  Then the 

conditional maximum likelihood can be found by solving 
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Since this equation does not have a closed form solution it must be solved 

numerically.  The second order derivatives of a term of the likelihood function is given 

by 

 

2 T2
, ,

TT

, ,, ,

( ( ) ( )) if p=q

( ) ( ) if p q

i q i q

i q i pi p i q

p p
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  (2.1.13) 

 

Perhaps the easiest way to see that the negative of the log-likelihood function is 

convex is to work backwards.  Let ,1 ,2 ,[ , , , ]T T T SK

i i i S β β β β   and define 
T

,( )h i hf β x β .  

This is a linear function so it can be treated as being convex.  Now ( ) xg x e  is a convex 

function so ( )
( ( )) hf

hg f e
β

β is convex since it is the composition of convex functions.  

This can also be seen by observing   
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and noting that 
( )

0hfe 
β

 and T
x x  is positive semidefinite so   

 

 
2

T

( ( ))
0hg f


 

β

β β
  (2.1.15) 

confirming that ( )
( ( )) hf

hg f e
β

β    is convex.  Then consider the function 
1

( ( ))
S

h

h

g f


 β  

which is convex since it is the sum of convex functions.  Next note that log( )x  is 
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convex, so T

,

1 1

log ( ( )) log exp( )
S S

h i h

h h

g f
 

   
      

   
 β x β  is also convex since it is a sum 

convex functions.  Finally, consider the function ℎ(𝑧) = −log(𝑧) with 𝑧 > 0 which is a 

convex function since log(𝑧) is concave.  The composition ℎ(𝑔(𝑧)) is convex since the 

composition of two convex functions is in turn convex.  So 
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   x β x β .  Then once again using the fact that a sum 

of convex functions is convex we see that  
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     which is the negative of the 

log-likelihood function. 

 

In other words, the log-likelihood function is concave or equivalently the negative 

log-likelihood function is convex.  So we can apply convex optimization techniques to 

find an optimal point.   

 

Note that if we define the matrix P  by 
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and X  is the V K  matrix with rows which are the vx  observation vectors then 

 

 
2

T

T

, ,i p i q


  
 

P X X
β β

, (2.1.17) 

which will be positive definite if X  is full rank K  and P  is positive definite.  Under 

these conditions we know that 
2

T

T

, ,i p i q


  
 

P X X
β β

will be positive definite and the 

maximum likelihood estimator will be unique.  Alternatively, we know that this matrix 

will be non-negative definite and the maximum likelihood estimator will not be unique 

but will lie in a connected set by the convexity of the likelihood function.  The positive 

definiteness of 
2

T

, ,i p i q



 β β

can be evaluated at the computed maximum likelihood 

estimate in order to assess the uniqueness. 

 

2.2 Estimation Algorithm for Model Parameters 
 

As explained in the previous section the estimation of the parameters of the 

conditional likelihood must be determined numerically.  Since the objective is to 

maximize the log-likelihood function of the parameter we can equivalently minimize the 

negative likelihood function.  So our problem becomes 
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One possibility is to employ the steepest descent method to solve this 

optimization problem.  From the previous section we saw that this function is convex and 

it is also differentiable.  So we can solve for the function values that reduce the gradient 

to zero 
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  (2.1.19) 

 

There is no closed form solution to these equations so they must be solved 

numerically which was initially accomplished using the steepest descent algorithm.  This 

approach worked reasonably well in most circumstances, but for some of the estimations 

utilizing local maximum likelihood estimation (discussed further below), an alternative 

optimization procedure was employed.  The technique used is a modified version of 

steepest descent proposed by Nesterov and referred to here as Nesterov’s accelerated 

gradient descent (NAGD).   

 

Whereas steepest descent generally has a convergence rate of 1
n

 after n  steps, 

the NAGD achieves a 2
1

n
 rate of convergence.  The following is a summary of 

Nesterov’s approach: 
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Let 0 0   , then define the sequences 

2

11 1 4

2

s

s


  

  and 
1

1 s
s

s




 


 .  Then 

starting with an arbitrary point 1 1x y , we perform a steepest descent move 

 1 ( )s s s sf   y x x . (2.1.20) 

where s  is the solution to the one dimensional minimization problem   

 min ( ( ))s sf f





 x x .  (2.1.21) 

Then the next 1sx   is determined using a convex combination of sy and 1sy using 

the formula 

 1 1(1 )s s s s s    x y y .  (2.1.22) 

 

2.3 Estimation When Functional Forms Are Unknown 
 

In this section consideration is given to the functional form of the transition 

probability functions.  While these functions are nonlinear as a consequence of the 

particular constraints that enforce positivity and normalization for a unitary sum, the 

specification presumes a specific functional form.  The reasonableness of this assumption 

may be appropriate to investigate in any given application.  To explore this situation, we 

will first consider some of the potential complexities of inference in these qualitative 

response models followed by examining an approach to address the case of an unknown 

functional specification.   
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2.3.1 Challenges with Inference in Qualitative Response Models 
 

In a multiple linear regression, we can test whether the dependent variable is 

associated with changes in a particular independent variable by testing the hypothesis that 

the coefficient of the independent variable is significantly different from zero.  It is not 

such a simple matter in a qualitative response model.  For example, consider 
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  (2.3.1) 

.   

Suppose that we believe that the
jβ vector is zero.  Then even if we knew this with 

certainty we have  

   1
T

2,

1
Prob |

1 exp( )
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h

h h j

S j


 

 

 
x

x β

,  (2.3.2) 

which implies that  Prob |S j x still depends upon the values taken on by x . 

 

In the case of multiple linear regression, we can determine the direction of the 

response in the dependent variable due to changes in a particular independent variable 

based upon the sign of the coefficient of that variable.  Once again the situation is not so 

clear in the case of a qualitative response model.  For example, we might be interested in 

the change in  Prob |S j x resulting from a change in the independent variables.  We 

note that  
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Apart from being quite complex, this formula suggests an ambiguity in the 

direction of change from any particular element of the vector x .  We note that the 

direction of change depends on a combination of the magnitudes of the products of the x   

and 2 3, , , Hβ β β  vectors. 

 

The above complications suggest that it would be challenging to modify the 

functional form of the probability transition functions in a direct and easily interpretable 

manner.  In the next section an approximation approach to selection of the functional 

form of the transition probability functions is described.    

 

2.3.2 Approximation Strategies 
 

 

In the last section we have seen that even the use of linear functions as arguments 

of the exponentials in the multinomial logit function can represent challenges in 

interpreting the behavior of the probability transition function. As a result, it might prove 

even more challenging if the linear functions were replaced by other functional forms. 
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The question would be which functions to use.  Since the possible functional forms that 

could be used are both infinite and uncountable it would be necessary to either restrict 

ourselves to consider a specific list of possible functional forms or alternatively to accept 

some form of approximation involving functions that are not known. The latter of these 

approaches is discussed here. 

 

The general strategy is to replace transition probability functions of the form 
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with 
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exp( ( ))

1 exp( ( ))

j
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x

x

 . (2.3.5) 

 

In this form we will still impose 1 β 0  which will imply that we require 

 

 1( ) 0F x  . (2.3.6) 

 

For notational convenience the i  subscript for the prior state and the v  subscript 

for a particular observation have been omitted. The functions ( )hF x  are not known. It will 

be assumed however that they can be approximated by a low order Taylor series 
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expansion.  For the VAR problem that we will explore, we shall assume that a linear 

function will suffice in the local maximum likelihood estimation that will be employed. 

Further it will be assumed that the explanatory variable space can be tessellated into a 

finite number of regions each of which is represented by some interior point 0x .  Then for 

each such 0x , a local maximum likelihood estimation will be performed with 

 

 
0 0

T

0( ) α ( )hF   
x x

x x x β   (2.3.7) 

 

for {2,3, , }h H .  Since the 0x  are to be pre-specified, this is equivalent to the form  

 

 
0 0

T( )hF  
x x

x γ x β .  (2.3.8) 

 

The only modification that is required to the estimation process used for the linear 

functional is to weight the observations by a kernel function centered at each 0x .  If there 

are
0

N
x

 points used in the estimation process, the computational load of this approach will 

be on the order of 
0

N
x

times that of the linear functional case.  So a single term of the 

local maximum likelihood function would be 
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In this formula, 0( )K x x  represents a kernel function with a window width of 

 .   A common choice for the kernel function is the Epanechnikov kernel 
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x x x x
x x ,  (2.3.10) 

 

employed since it represents an optimal choice in density estimation.  The   on the right 

hand side of this definition indicates that negative values are treated as zero.  Note in our 

specific situation, since we are weighting observations, the coefficient 
3

4
 is unnecessary 

since we only need to relative weights.  Despite the optimality of the Epanechnikov 

kernel function there are other good choices of kernel functions.  The VAR modeling 

discussed later utilizes a Gaussian kernel, which is close to the Epanechnikov efficiency 

but also has the useful property that every sample observation is included with some 

positive, but possibly very small weight.   The Gaussian kernel function is 
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This is useful because we will apply the methods here when we have many more 

observations than variables, i.e. V K .  If X  is the V K  matrix of observed 

explanatory variables and has full rank then the approximation problem is solved using 

the same methods as described in sections 2.2.1 and 2.2.2 except that the vx  are replaced 

using 

 v v vz x   (2.3.12) 

where 

 

 
0( )G

v K  x x   (2.3.13) 

 

Then the vz  are the rows of the matrix 

 

 Z ΛX   (2.3.14) 

where 
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Λ   (2.3.15) 

 

Since the 0v   the Λmatrix is full rank so    rank rank K Z X so Z  is 

full rank.  So this is an equivalent problem to the original one with an alternate (i.e. 

linearly transformed) data set of the same rank. 
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For the computational finance application presented in Chapter 4, the Gaussian 

kernel function that was employed was  
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x x x x
x x   (2.3.16) 

 

Since the constant term factors out as mentioned for the Epinechnikov kernel 

function applied to our problem.  Note that the Epanechnikov kernel does not always 

preserve rank since there will generally be 0v  for some v . 

 

Use of the Gaussian kernel function insures the same existence and uniqueness 

since the Λ transformation preserves all of the original likelihood function properties.  

The kernel estimation approach and local maximum likelihood here was motivated by the 

work of Cai, Fan and Lit (2000) which is discussed in more detail in Chapter 5. 

 

An alternative version of the local maximum likelihood estimation follows from 

Tibshirani (1984) and Tibshirani and Hastie (1987).  Rather than using a specific 

weighting function the explanatory variable space is divided into a series of separate 

regions or neighborhoods of each grid point, that is 
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where 0( )N x  is some neighborhood of 0x .  This logically amounts to applying the same 

maximum likelihood estimation to a subset of the observed data.  In our ECVAR 

example below we have a very large data set so even these individual neighborhoods 

have a large number of observations.  In any event as long as the estimators for 
0 0

ˆα̂ ,
x x
β

are consistent estimators then so will be 
00

ˆ ˆ( ) αhF 
x

x .  The local maximum likelihood 

estimates  
0 0

ˆα̂ ,
x x
β enjoy all of the same properties of maximum likelihood estimators 

including asymptotic normality.  

 

2.4 Evaluating Estimated Models 
 

In order to evaluate estimated state component models, we could look at the 

standard errors of the individual parameter estimates from the inverse of the Fisher 

information matrix which can be determined from the Hessian of the log-likelihood 

function presented earlier.  These standard errors could be used to test hypotheses 

involving the parameter estimates, e.g. that a specific subset of the true parameter values 

are zero.  However, as noted earlier, in the context of qualitative response models it is not 

straightforward to define or use these types of test in a meaningful way.  Additionally, 

there can be a very large number of such parameters which further complicates this type 

of analysis.   
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An alternative approach is to evaluate how well the model classifies the objects 

being modeled in the key states relevant to the aggregate function component and 

problem objective component.  For example, as will be discussed in the ECVAR 

application of the modeling framework further below, we will be interested in the 

likelihood that an object enters a particular absorbing state at some point during its life.  

 

So for the type of example problem that we will study in detail, we will be 

interested in classifying, given some specified time period, those objects that will enter 

the target absorbing state and those that will not for the purpose of evaluating the 

effectiveness of our state component model.  It should be kept in mind that we will 

subsequently use this model to assist in determining characteristics of rare or extreme 

events.  At this stage however the focus is more on the issue of the state component 

model on historically observed data. 

 

Given this strategy, we use only the initial states of each object being modeled at 

the very beginning of the time period, along with the exogenous component variables that 

were historically observed, to compute the probability that the object reaches the target 

absorbing state.  Apart from the initial state of each object, all historical state information 

regarding each object is ignored to make a more robust test of the classification scheme.  

The absorption probabilities can be thought of a scores representing the propensity that 

an object will enter the absorbing state.   
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The strategy for evaluation that will be used here is to rank the scores and sort 

objects into buckets consisting of those objects with the lowest decile of the scores, 

followed by the bucket with scores greater than those in the first bucket but less than the 

second decile of scores, etc.  Therefore, if the score is as a good classifier of subsequent 

absorption then we would expect objects that actually were absorbed to have high scores 

and be concentrated in the higher buckets.  For example, we might have a table that looks 

similar to Table 1. 

 

Table 1: Evaluation Example for a State Component Model 

 

 
Number of Objects 

in Bucket 

Actual Number of Objects 

Entering Absorbing State 

Actual 

Absorption Rate 

1 2613 307 0.1175 

2 2616 474 0.1812 

3 2602 538 0.2068 

4 2625 552 0.2103 

5 2590 601 0.2320 

6 2609 703 0.2695 

7 2609 794 0.3043 

8 2622 882 0.3364 

9 2591 1009 0.3894 

10 2598 1207 0.4646 

 

 

The information in Table 1 can be used to test the hypothesis, 0H , that the 

likelihood of an object entering the target absorbing state does not depend on the score 

(i.e. the estimated probability that the particular object will enter the target absorbing 

state).  The alternative hypothesis, 1H , would be that the score is predictive of the 

likelihood of absorption.   



 

52 

 

 

If the score is not predictive then we would assume that the expected number of 

entries into the absorbing state would occur at the same rate for each cell, as suggested in 

the fourth column of the table.  The third column shows the actual number of objects 

entering the absorbing state broken down by the 10 buckets of increasing scores.  Casual 

inspection of the table shows that the likelihood of absorption by the top decile is 3.96 

times that of the lowest bucket (i.e. 0.4646/0.1175) suggesting, at least visually, that 

higher scores are associated with higher absorption rates.  Also note that the absorption 

rates increase by score on a strict monotonic basis as well. 

 

 A chi-square test can be used test the null hypothesis.  The results of the test 

show the chi-square = 940.737 with 9 degrees of freedom.  The p-value is less than 

0.0001.  This difference is highly statistically significant and it is unlikely that such a 

distribution of actual absorptions ranked by score would have been observed if the scores 

were not predictive. 

 

2.5  Simulation 
 

As mentioned in the discussion concerning the exogenous component of the 

framework we shall assume that the models in this component provide a collection of 

vectors, 
, ,t n ix  which correspond to a simulated observation of exogenously determined 

information corresponding to the 
thn  object being modeling, in the 

tht  time period, for 
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the 
thi  simulation.  It is assumed that 

, , ,~t n i t nx X , that is the simulated vectors are follow 

the empirical, known, or assumed distribution of the explanatory variables that 

conditionally affect the transition probability matrix functions of the state component 

(and possibly the aggregate function component and problem objective component). 

 

In the ECVAR example that we use to demonstrate the application of the 

framework and to improve the modeling of such VAR problems, the 
, ,t n ix  include 

economic variables such as interest rates and housing prices.  Some of the elements of the 

, ,t n ix vector may also be non-stochastic such as information specific to individual objects 

which is known at the start of the simulation period.  In the ECVAR problem the objects 

being modeled are the mortgages and the states are represented by the payment status of 

each mortgage in each time period. 

 

For each object, it will be assumed that there will be some initial state in which 

the object is observed, say at time 0t  .  This initial state is assumed for the ECVAR 

problem to be known with certainty but this would not be a general requirement for use 

of the modeling framework for other problems.  For the discussion here it will be 

assumed that the initial state for object n  is denoted by 
0, , 0,n i ns s  which is independent 

of i  but retain the i  subscript for notational convenience. 
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As will be discussed in the development of the ECVAR model, there are two 

types of simulations that are performed.  These are termed the traditional and expanded 

simulations.  The traditional type simulation is from a statistical perspective incorrect 

because it ignores relevant stochasticity in the simulation of the models in the state 

component.  It is included here because it is relevant for discussion purposes to the 

ECVAR model as to a common error in in many VAR models. 

 

To begin consider the expanded simulations.  Each 
, ,t n is  is determined using the 

previously simulated (or starting) state for the object say 
1, ,t n is j   and drawing a single 

simulated multinomial random number using the probability function  

 1 2( , , , )Sp p p ,  (2.3.18) 

where  
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and 
,1 0j β .  This returns a simulated random variable in {1,2, , }u S  and we can then 

set 
, ,t n is u .  This is repeated in succession for each value of t  and combination of i   and 

n  .   The 
, ,t n is  are used in the aggregate function component model as defined by the 

particular problem. 

 



 

55 

 

The traditional simulation approach does not involve simulation of random 

variables but looks at the probabilities at each time period.  For each ( , , )t n i  we compute 
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Then starting with the vector 

 

 
, , 0, , 0, , 0, ,( ( 1), ( 2), , ( ))t n i n i n i n iI s I s I s S   π ,  (2.3.21) 

 

we can compute 

 
, , 1, , 1, ,

1

T

t n i t n i t n i

t

 



 π π M   (2.3.22) 

 

which represents the estimated probability distribution of the state of object n  at time t  

for simulation i .  The subsequent calculations in the aggregate function component deal 

with the probabilities as fractions for its computational purposes.  This essentially 

converts the probabilities to expected values.  We will see that this approach is not only 

more computationally intensive but it also leads to significantly downward biased 

estimates in our ECVAR example. 
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 In summary we have two simulation approaches.  The traditional approach which 

treats the probabilities 
, ,t n iπ as fractions.  That is, the jth element of 

, ,t n iπ represents the 

fraction of object n that is in state j at time t in simulation i.   This fraction will not be 

treated as a stochastic quantity.  On the other hand, the expanded approach is similar but 

treats the vector 
, ,t n iπ as a vectors of probabilities governing the state of the object at a 

particular time and simulation path.   
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3 APPLICATION TO VAR 

We will now turn to an application of the modeling framework with two goals.  

The first goal is to demonstrate the application of the modeling framework to a 

significant problem in computational finance involving VAR in mortgage credit risk 

modeling.  The second goal will be to leverage this example to explore techniques to 

improve the robustness such VAR models in this application area.  We will be 

particularly interested in understanding the tails of potential credit loss distributions. 

 

The aim is to compute the 99th percentile of losses for a small portfolio.  As 

mentioned previously this will be referred to at the Economic Capital Value-at-Risk or 

ECVAR problem for short. 

 

The model that I develop consists of several components as described in section 

1.1.  The first component, corresponding to the exogenous component of the framework 

will involve the modeling of two significant sources of mortgage credit risk.  

Specifically, long term interest rate movements and housing price changes.  The goal is 

not to predict the expected future path of these variables but to simulate a large number of 

possible future realizations of the paths of these variables. 

 

The second component of the model, which corresponds to the state component of 

the framework, addresses the payment behavior of people who have mortgages.  For 
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example, whether they pay regularly, miss payments, pay off their mortgage, or default.  

These payment statuses will be the object states used in our model with the objects being 

the mortgages themselves. 

   

The third component, corresponding to the aggregate function component of the 

framework, takes the payment status information and looks for states in which a loan 

default occurs.  Such defaults are then ‘costed’ to determine a loss for each individual 

loan in each individual simulation.  These results are aggregated to determine the losses 

in each simulation scenario. 

 

Finally, we use the loss simulations from the aggregate function component to 

compute the 99th percentile of the loss distribution – which represents our problem 

objective component. 

.  

3.1 Types of VAR 
 

 

As mentioned in the previous section, we will be considering a particular 

application of VAR modeling.  Before proceeding it is perhaps worthwhile to discuss the 

concept of VAR since there are a number of different variants that are often referred to 

simply as VAR.   
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In our ECVAR problem we will focus on finding the threshold value, of a random 

variable L  which is only exceeded with a given probability.  The random variable L  

represents the financial loss.  That is, for a given probability (0,1)   and horizon T  we 

seek the smallest value c  such that Prob( )L c   .  This is sometime referred to as 

PVAR.  However, since our approach is based upon simulation methods we can collect 

the simulation results for all of those occurrences where  L c .  This allows us to 

effectively estimate the probability density function of the tail of the loss function,  

Prob( | )L x L c  .  We can for example calculate estimates of the higher order 

moments of this distribution or order statistics for losses beyond those of the value c .   

 

The simulation results can be used to estimate the shape of the tail via an 

Edgeworth expansion or kernel density estimation.  When we collect and preserve the tail 

information like this we shall refer to the resulting VAR as Distributional Value-at-Risk 

or DVAR. 

 

Another VAR measure is Conditional Value-at-Risk or CVAR.  The concept is 

that CVAR is the estimate of the expected value of the greatest losses occurring some 

prescribed fraction of time,  .  In other words the CVAR would be the value 

( | )E L L c  where c  satisfies Prob( )L c   .  CVAR has the very convenient 

property of being a ‘coherent’ risk measure.  That means that if we have multiple 

portfolios multiple portfolios with 
,CVAR ( | )i i i iE L L c    then the combined portfolio 
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has CVAR CVAR i

i

 .  This may seem trivial but in general due to imperfect 

correlations between investments we generally have PVAR CVAR i

i

 , even when all 

of these measures are computed with the same  .  The subadditivity feature of CVAR 

comes at a price which is that it overstates the risk in the tail of the distribution at the   

probability level.  We note that DVAR can be used to compute both PVAR and CVAR 

estimates. 

 

Here is a summary of the common VAR measures that I have mentioned: 

 

 

Table 2: Different VAR Types and Their Measures 

 

Type of VAR 

 

Measure 

 

VAR 2( ( ))E L E L  

PVAR  inf | Prob( )c L      

CVAR ( | )E L L c  

DVAR Prob( | )L L c  
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3.2 The Economic Capital Problem 
 

 

For the ECVAR problem, the objective is to determine the amount of financial 

capital required to insure that a portfolio holder has sufficient funds to cover credit losses, 

arising in the portfolio, with a prescribed level of certainty. 

For this exercise it will be assumed that we want to determine how much capital 

should be held to cover credit losses with a 99 percent likelihood over a eight year 

horizon.   

This will entail the following steps: 

1. Develop stochastic simulation models for the explanatory variables 

determined outside of the system being modeled. 

2. Using a data set of historical performance data on residential mortgages,  

 develop a model of payment states (including a default state). 

3. Employ Monte Carlo simulation to estimate the distribution of default  

 rates occurring throughout the eight-year year horizon. 

4. Use the default rate simulations to determine the distribution of losses (i.e.  

 losses are equal to the product of defaults and loss given a default). 

The required capital holding will be calculated as an order statistic from the net-

present-values of the loss simulations. 
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3.3 Background on Mortgage Credit Risk 
 

 

This ECVAR problem was chosen as both a significant application to demonstrate 

the modeling framework from Chapter 2 as well as providing an opportunity to identify 

improvements to understanding dynamics of the mortgage credit markets that were not 

adequately identified by extant models.  This latter point provides an opportunity to use 

the framework to develop more robust financial VAR models. 

 

The U.S. mortgage market is substantial with more than $13.7 trillion in 

outstanding debt as of 2015.  The slump in this market figured prominently in the 

economic decline that resulted in the Great Recession of 2007 through 2009.  Yet, despite 

the size and importance of this market, many of the models used for evaluating the risks 

inherent in mortgages failed to adequately identify the extent of potential losses in this 

market.  Such models, generally termed Value-at-Risk or VAR models generally 

appeared to be biased downward.  Such biases were present because models sometimes 

replaced random variables with estimates of the expected values of the variables resulting 

in understating variance and length of tails of the estimated loss distribution.   Other 

factors that contributed to mortgage credit loss model failures included too much reliance 

on estimated variance measures and reliance on over aggregation of data and/or models 
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that can lead to the appearance of less dispersion in the loss distribution by overstating 

diversification effects in a portfolio of mortgages or a mortgage-backed security. 

 

By focusing on the loan-level, joint estimation of mortgage payment states 

(including voluntary mortgage prepayments as well as defaults), less biased estimates of 

the tails of loss distribution can be obtained.   

 

This section involves the scalable modeling of residential single-family mortgage 

portfolios.   Before proceeding it is worth elaborating on the concept of scalability as it is 

being used here.  Basically, a scalable model will be one that reflects the statistical 

distributional characteristics specific to modeled objects of differing population sizes.  

For example, consider a box with three coins which have probabilities of landing with an 

outcome of heads that are 0.01, 0.5, and 0.99.  Suppose that we draw coins randomly 

from the box, with replacement, to flip.  On ‘average’ these coin flips are fair since the 

unconditional probability of heads is 0.5.  If we are interested in the variance of a single 

flip and we were to use the average probability heads, then the variance would be 0.25.  

However, using the individual probabilities the variance is actually approximately 0.0899 

which is significantly different from 0.25.  This is a common problem introduced into 

many financial VAR problems and will be discussed further in our ECVAR example.  

The basic outcome is that it is often more accurate to model object behavior at the 

individual level and then draw conclusions about the aggregate population behavior than 

the other way around. 
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The model developed here is a nontraditional model of credit risk. Traditional 

models of mortgage credit risk do not consider delinquency states (missed payments) in 

the modeling process and concentrate on two terminal states: paid off or defaulted.  

Ignoring delinquency states (i.e. missed payments) ends up commingling loans that are 

delinquent (i.e. missed payments) with those that are in a current state (i.e. up to date 

payments). The model that I developed is able to exploit the information in these 

delinquency states.   

 

Traditional models frequently make use of stochastic simulation of some of the 

key input variables influencing mortgage credit risk, such as interest rates and housing 

prices.  However traditional models seem to ignore potentially important aspects of the 

stochasticity of the mortgage credit risk problem.  They often confuse the underlying 

probabilities in the problem with the outcomes.  We will find that doing so results in 

potentially material understatement of the risk or uncertainty in mortgage investments. 

 

Most of the traditional mortgage credit risk models concentrate on assessing the 

likelihood or probability of a default. The model considered here looks both at the 

likelihood or probability of default as well as the potential losses that may occur as a 

consequence of defaults.   
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In light of the recent financial crisis, which has its roots in the mortgage securities 

markets, it would appear timely to better understand the risk in such financial contracts.  

The mechanics of these financial contracts tend to be sufficiently detailed to limit 

understanding of the risk inherent in these contracts.   

 

3.4 Description of the Data Set 
 

The dataset that was used for demonstrating the application of the modeling 

framework discussed in this dissertation consisted of historical mortgage-level 

observations of approximately 14.8 million fixed-rate mortgages on single family homes.  

The term of these mortgages were all 30 years.  These mortgages were originated during 

the period January 1999 through March 2013.  Monthly observations were available for 

these mortgages from that date of first acquisition through November of 2014.   The 

dataset was obtained from publicly available data on the website of the Federal Home 

Loan Mortgage Corporation (Freddie Mac).  See (Freddie Mac 2015). 
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4 MODEL COMPONENTS FOR CREDIT DVAR 

The Economic Capital VAR (ECVAR) model consists of several model 

subcomponents.  The first subcomponent includes models of the stochastic processes 

underlying the independent variables that influence the evolution, over time, of states of 

the objects being modeled.  It is assumed that these processes are not determined by the 

objects being modeled or the states of those objects.  However, it is assumed that the 

behavior (i.e. states) of the objects depend on these exogenously determined processes.  

In the ECVAR model the objects are the mortgages being modeled and the states in 

which those mortgages are in at each time period is the monthly payment status of each 

mortgage.  It is not necessarily assumed that the independent stochastic processes in the 

exogenous component of the model framework are themselves are independent of each 

other.   

 

It is reasonable to expect the state of a mortgage at any point in time to depend 

upon factors such as contemporaneous interest rates and the level of housing prices in the 

market in which the home is located.   For example, if interest rates are falling relative to 

the interest rate on the mortgage it would be expected that the mortgagor would be 

incented to pay off the mortgage by taking out a lower interest rate loan.  Conversely, in a 

rising rate environment there would be a disincentive to refinance a relatively low interest 

rate mortgage.  As far as house prices are concerned, a rising house price environment 

translates to more equity in the mortgaged property.  This in turn creates more 
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opportunity for a mortgagor to prepay a loan, even for mortgagors who may have 

financial issues.  In the extreme where housing prices decline sufficiently, a mortgagor 

may end up with negative equity, an underwater mortgage, that reflects that the 

mortgagor owes more than the value of the mortgaged property.  This creates a 

significant incentive to discontinue making mortgages payments thus defaulting on the 

mortgage.     

 

In the ECVAR model there will be two major variables in our exogenous 

component: interest rates and housing prices.  I begin with the development of models for 

these two variables which constitute the exogenous component of the ECVAR model 

framework.  The housing price processes are subsequently refined into regional housing 

price models. 

 

4.1 Interest Rate Model 
 

 

The ten year U.S Treasury rate was used as a general measure of long term 

interest rates in the ECVAR model.  Since treasury rates evolve in the future, following a 

non-deterministic process, a simulation model is need for this series.  To develop this 

model monthly observation of the ten year U.S. Treasury rate were obtained over the 

period January 1975 through March 2015.  Figure 2 shows a plot of this series.  
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Figure 2: Ten Year U.S. Treasury Rate 

 

 

This time series shows a strong long-term downward trend and is clearly not 

stationary.  The initial step was to look at the month-to-month differences (first 

differences) in this time series.  A plots of these differences, over the same time period, 

appears in Figure 3. 
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Figure 3: Differenced Ten Year Treasury Rate 

 

 

 

This series appears, at least visually, to be a candidate for an ARMA or GARCH 

model.  A partial autocorrelation function plot appears in Figure 4 and suggests that an 

AR(2) model (i.e. an ARIMA(2,0,0) might be reasonable model for this series.  The first 

two partial correlations are statistically significant at the 5% level.   
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Figure 4: Partial Autocorrelation Function of Differenced Ten Year Treasury Rates 
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The parameters for this model were estimated using the R function 

ARIMA(dRate10, order=c(2,0,0)).  The resulting model appears in Table 3. 

 

Table 3: Ten Year U.S. Treasury Rate Model Parameter Estimates 

 

Term Parameter Coefficient s.e. 

ar1 1  0.1290897440 0.0452 

ar2 2  -0.0971553596 0.0435 

Intercept 0  -0.0001163301 2e-04 

Sigma R
 0.003580931  

 

 

 

A Box-Ljung test, with 10 lags, was performed on the residuals to assist in 

affirming the reasonableness of the AR(2) model.  The Box-Ljung test indicates that the 

null hypothesis that the first 10 autocorrelations are all non-zero cannot be rejected at the 

5% level of significance.  The results of this test were: chi-squared = 2.1114, df = 10, p-

value = 0.9954. 

 

An autocorrelation function plot of the residuals appears in Figure 5. 

. 
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Figure 5: Autocorrelation Function of the Ten Year Treasury Rate Model Residuals 

 

 

 

While the estimation of the interest rate model was accomplished in R, the 

simulations of this model were accomplished in the C program developed for estimating 

economic capital.  For these simulations it was assumed that the error process was i.i.d. 

Normal(0, sigma) with sigma from the Table 3.   

 

The normality assumption could be further examined via a Jarques-Bera or 

Shapiro-Wilkes test.  A plot of the partial autocorrelation function of the squared 

residuals, displayed in Figure 6, shows significant lagged correlation.  This suggests that 

the variance of the error process may evolve over time in a correlated manner.  Thus the 
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error process for the AR(2) model might be modeled as an ARCH or GARCH model.  

This might be a nice future enhancement but for this demonstration the AR(2) model was 

used. 

 

 

Figure 6: Ten Year U.S. Treasury Rate Model Squared Residuals Autocorrelations 

 

 

So the form of the model for the ten year Treasury rate, tR , is: 

 

 0 1 1 2 2t t t tR R R          
  (4.1.1) 

 1t t tR R R   
  (4.1.2) 
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2. . . (0, )t Ri i d Normal 

  (4.1.3) 

 

For the model simulations, the estimated parameters are used in these formulae. 

 

4.2 Housing Price Models 
 

In this section the stochastic process models that will be used to characterize the 

behavior of the housing market, as part of the exogenous component of the framework 

are described.  In earlier stages of my research, only the overall U. S. residential housing 

market was modeled. Clearly housing markets in different locales of the U. S. have 

performed very differently over time. Therefore, it seems reasonable to model the 

behavior of these markets by taking regionality into consideration. For our Economic 

Capital demonstration of the use of the framework, housing markets will be modeled 

using the 50 U.S. States and the District of Columbia. Given sufficient data a more 

granular regional model could certainly be developed.   

 

The housing market models will be described in two phases. The first is the 

national housing market representing the average returns over time for single-family 

homes in the U.S.  This may be regarded as an overall market return on residential real 

estate across the U.S.  The regional models, based upon the state in which each 

residential property is located, will use a combination of the national housing market 
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model behavior coupled with historical estimation of the behavior between the state and 

U.S. housing markets.  To begin we consider the national housing price model. 

 

4.2.1 National Model 
 

 

The development of the national housing price model followed a similar course to 

that of the ten year Treasury rate model.  Unlike the treasury rate model which considers 

the current treasury rate at any point in time, housing price levels reflect the cumulative 

appreciation of value of a typical or average house in the U.S. as represented by an index.  

So we can compute the successive monthly returns for an investment in a residential 

property. 

 

Ultimately we will be interested in changes in the value of a property between any 

two points in time.  Effectively this will be a housing return model.   The housing price 

series, from the U.S. Commerce Department, is plotted Figure 7 Error! Reference 

source not found.. 
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Figure 7: Historical U.S. Housing Prices 

 

 

This series has a strong upward trend over the observation period and is clearly 

not stationary as depicted.  Since the series represents values over time it makes sense to 

consider the periodic log-returns to housing over the history – that is the difference in the 

logarithm of each monthly observations.  A plot of the resulting series is shown in Figure 

8.   
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Figure 8: Differenced Logarithm of U.S. Housing Prices 

 

 

 

The partial autocorrelation function of this differenced series appear in Figure 9 

and suggests that an AR(2) might be a possible model for the log returns on housing 

prices. 
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Figure 9:Partial Autocorrelation Functions of Differenced Log House Prices 

 

 

 

However an examination of the residuals of the AR(2) model indicated a 

significant autocorrelation at the first lag.  So an ARIMA(2,0,1) was estimated on the 

differenced log series.  The results are shown in Table 4. 
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Table 4: Parameter Estimates for the National Housing Price Model 

 

 

Term Parameter Coefficient s.e. 

ar1 1  -0.116802106 0.1127 

ar2 2  -0.004653215 0.0023 

ma1 1  -0.503517712 0.1030 

Intercept 0  0.004488330 0.0007 

Sigma p
 

0.03328739  

 

 

 

 

A Box-Ljung test, with 10 lags, was performed on the residuals to assist in 

affirming the reasonableness of the AR(2) model.  The Box-Ljung test indicates that the 

null hypothesis that the first 10 autocorrelations are all non-zero cannot be rejected at the 

5% level of significance.  The results of this test were: chi-squared = 13.0594, df = 10, p-

value = 0.2204. 

 

An autocorrelation function plot of the residuals appears in Figure 10. 
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Figure 10: Autocorrelation Function of the U.S. Housing Price Model Residuals 

 

 

 

The squared residuals were not examined for this model.  However, it should be 

noted that the contemporaneous correlations between the residuals of the ten year 

Treasury rate model and the housing price model was 0.03347388 which is not 

significantly different from 0 at the 95% level of significance.  This gives some assurance 

of the reasonableness of treating these models independently although other cross-

correlations were not examined.  
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The form of the model for the housing prices, tP , is: 

 

 0 1 1 2 2 1 1t t t t tp p p                (4.2.1) 

 1t t tp p p      (4.2.2) 

 
log( )t tp P

  (4.2.3) 

 2. . . (0, )t pi i d Normal    (4.2.4) 

 

For the model simulations, the estimated parameters are used in these formulae.  

Note that this model will be used in the simulations as a housing price index so that 

0
1tP   at the start of a simulation period.  

 

4.2.2 Regional (State) Model 
 

 

As mentioned earlier, it appears reasonable to assume that regional (state) models 

would exhibit some idiosyncratic behavior dependent on the individual locality.  By the 

same token it is clear, for example from the experience of the economic slump of 2007-

2009, that housing prices in individual locales have some degree of correlation to the 

national average.  One approach to modeling this behavior would be to use a multivariate 

ARIMA model for the housing regional housing price modeling.  Given the number of 

regions involved and a limited number of observations for the state housing price 

indexes, a different approach was used based on a modeling framework used in finance 
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and referred to as the Capital Asset Pricing Model (CAPM).  I will begin by introducing 

the specification of the model used for the representing regional housing price dynamics 

and then discuss the rationale for employing the form of model. 

 

The regions employed in the regional housing model consist of the 50 U.S. states 

and the District of Columbia.  The model of housing prices is given by 

 

 
, , , , ,( )i t f t i m t f t i tr r r r     .  (4.2.5) 

  

Here 
,i tr  is periodic change in housing prices for state  , , ,i AK AL WY  in period t , 

,f tr  is the risk free interest rate on investments which will be represented by the Ten Year 

U.S. Treasury rate,  
,m tr  is the periodic change across all housing markets in the U.S. in 

period t ,  i  is constant and 
,i t is a random error term with 

,( ) 0i tE    and 2 2

,( )i t iE   .  

This model results in regional housing market correlations which depend upon the sign 

and magnitude of the i  and the magnitude of the 2

i  along a given interest rate path.  

 

The CAPM framework is being used here not so much for the financial theory 

behind it but more for the simple, but flexible mathematical framework that facilitates 

creating an integrated model of housing prices across regions that are correlated to each 

other through their individual dependence on the national housing price market 

movements.  Additionally, in our ECVAR demonstration, the error terms in these 
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regional models, just as those of the ten year Treasury rate and national housing price 

models will be carried through our simulation process.   This is not applicable to the 

financial theory associated with the CAPM which is an expected value model ignorant of 

the errors (since the expectation is assumed to be zero).  For emphasis the CAPM 

framework is being used for the mathematical specification. 

 

The CAPM was introduced by Sharpe (1964) and relates the expected return on 

an asset (e.g. stock in a particular company) to the overall market return (e.g. the stock 

market), and a risk-free investment (e.g. U.S. treasury bond rates).  Note that the 

reference to stock market is intentionally vague because the market return in the CAPM 

is intended to capture the universe of such investments.  Mathematically, this model is 

 
( )

( )
i f

m f

i

E r r
E r r




    (4.2.6) 

or equivalently  

 

 ( ) ( ( ) )i f i m fE r r E r r     (4.2.7) 

 

Where ir  is the return on the asset of interest, 
fr  is the return on the risk-free 

asset, mr  is the market return and i  is the excess market return from the asset of 

interest.  The motivation behind the CAPM is to determine the required return on an 

asset, in this case residential properties in a given state, taking into consideration the non-

diversifiable risk inherent in that asset.  Higher i  values are associated with riskier 
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investments and lower i  values are associated with less risky assets.  The overall 

market has 1m   so assets with  1i  are less risky than the overall market and assets 

with 1i   are riskier.  This all being said, the intent is to use the convenient and simple 

framework of the CAPM for modeling the state housing markets relative to the U.S. 

housing market. 

 

Toward this end the following specification is used to model the state-level 

housing price return models from that of the U.S. market 

 

 
, , , , ,( )i t f t i m t f t i tr r r r       (4.2.8) 

where 
,i t are assumed i.i.d. with 

,( ) 0i tE    and  2

,( ) 0i tE   .  Using this specification, 

two parameters were estimated for each state, ˆ
i  and ˆ

i .  The parameter estimates 

appear in   
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Table 5.   

 

For the ECVAR model will use the following model for state-level housing prices 

 

 , , , , ,
ˆ ( )i t f t i m t f t i tr r r r       (4.2.9) 

 2

,
ˆ~ (0, )i t iN    (4.2.10) 
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Table 5: State Housing Price Model Estimated Parameters 

 

State ˆ
State   ˆ

State   State ˆ
State   ˆ

State   

AK 0.355308 0.016224 MT 1.305623 0.010541 

AL 0.867375 0.006259 NC 0.686445 0.003184 

AR 0.833578 0.006398 ND 0.901603 0.017078 

AZ 1.637265 0.006491 NE 0.682672 0.005376 

CA 1.235771 0.006813 NH 1.061259 0.013769 

CO 0.874298 0.004677 NJ 0.873288 0.006058 

CT 1.034771 0.006386 NM 0.802618 0.006257 

DC 1.243823 0.011033 NV 1.629838 0.007732 

DE 0.824204 0.016469 NY 0.873288 0.007472 

FL 1.508064 0.011002 OH 0.798964 0.003453 

GA 0.778893 0.005282 OK 0.821871 0.005590 

HI 1.792955 0.027354 OR 1.187118 0.006900 

IA 0.691734 0.007371 PA 0.868697 0.004640 

ID 0.913621 0.010212 RI 1.107386 0.007254 

IL 0.828170 0.005568 SC 0.782162 0.005231 

IN 0.716469 0.004430 SD 1.377734 0.019442 

KS 0.699979 0.004029 TN 0.719737 0.005370 

KY 0.711299 0.003393 TX 0.794492 0.005250 

LA 0.843145 0.005509 UT 0.926650 0.006246 

MA 0.558447 0.006345 VA 0.864730 0.004771 

MD 0.870955 0.004903 VT 2.040083 0.025595 

ME 1.676277 0.022294 WA 1.080898 0.005188 

MI 0.957105 0.005784 WI 0.962705 0.005514 

MN 0.968187 0.004271 WV 1.517943 0.018990 

MO 0.931939 0.008328 WY 0.976120 0.008230 

MS 1.002608 0.010418    

 

 

4.3 Default Rate Model 
 

 

For the ECVAR problem, the objects being modeled in the state component are 

the mortgages in the portfolio.  Associated with each mortgage there is a monthly 

payment status.  The monthly payment status of each mortgage will represent the states 
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that we seek to model.  Specifically, one state will represent a mortgage having defaulted.  

The dataset for the estimation of this model contains in excess of 14.8 million loans 

observed with more than 640 million payment history observations.   

 

The historical data set also include the mortgagors’ credit score (FICO), mortgage 

interest rate, and loan-to-value ratio all as of the origination date of the loan. Along with 

the monthly payment status history was the monthly unpaid principal balance.  For 

modeling purposes interest rate and housing paths will need to be simulated over time.  

The credit score is not simulated going forward but is taken as fixed at the time of loan 

origination. 

 

Associated with each loan is a payment history. For example, the history may be 

represented as a string CCCC3CCC369D which would indicate that the mortgagor was 

current with mortgage payments for the first four months, missed a payment 

(corresponding to the 3), was then current for three more months, and then failed to make 

payments for the next three months, and finally defaulted in the final month. On average 

there were approximately 43 months of payment observations for each mortgage. 

 

The strategy for the default model is to be able to simulate the evolution of the 

state of each individual loan in each time period of the simulation horizon.  The 

simulation will represent a possible realization of the future loan states consistent with 

the associated economic scenario (i.e. ten year Treasury rates and house price changes).  
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Simulating potential state realizations of the loan states will generally produce more 

variability in portfolio risk since most ‘traditional’ mortgage credit risk models assume 

each loan state is an expectation of being in that state. 

 

For the default model it is assumed that there will be seven possible loan payment 

states in each time period.  The states used are defined in Table 6. 
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Table 6: Definitions of the Default Model States 

 

 

State 

 

Description 

1s  
Indicates that the monthly mortgage 

payments are current (up-to-date). 

 

2s  
Indicates that the monthly mortgage 

payment was not made last month. 

 

3s  

Indicates that the monthly mortgage 

payments have not been made for the last 

two months. 

 

4s  

Indicates that the monthly mortgage 

payments have not been made for the last 

three months. 

 

 

5s  

Indicates that the monthly mortgage 

payments have not been made for the last 

four or more months. 

 

6s  
Indicates that the mortgage has defaulted. 

 

7s  
Indicates that the mortgage has been fully 

paid off or prepaid. 

 

 

 

Note that the last two states, 6s  and 7s , are absorbing states and once entered 

terminate the life of the mortgage in the model simulation.  In actual practice there are 

other states such as being in-foreclosure which is treated here as a default state.  

Occasionally such loans can ‘cure’ and therefore not default but since that is infrequent it 

is conservative and reasonable for the modeling purpose at hand to treat them as defaults. 
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Since the loan states over time transition over a small and finite set of states and 

the next state can reasonably be assumed to depend only on the previous loan state, a 

conditional likelihood framework can be used.    The next step is to consider the potential 

explanatory variables for the model.  Three variables were selected: the borrowers’ credit 

score, the spread or difference between the interest rate on the mortgage and the 

prevailing market interest rate, and the current loan-to-value ratio at any point in time.  

 

FICO scores indicate, to some degree, the credit worthiness and reliability of a 

mortgagor to make payments.  A low credit score may be associated with a higher 

propensity to miss payments.  A high credit score may suggest higher likelihood of 

having refinances options when market interest rates fall and therefore paying off the 

loan early. 

 

The difference between the interest rate on a mortgage and the prevailing market 

interest rate would motivate mortgagors to pay off a loan by refinancing as the difference 

increases.  Also a large difference at origination can also indicate other issues with a 

borrower which may not be reflected in a credit score such as limited financial assets. 

 

The loan-to-value ratio ( LTV) reflects how much equity a mortgagor has in a 

property.  From a credit loss perspective, the more equity or the lower the LTV the better 

it is from the perspective of the mortgage investor.  Since a low LTV means that an 
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investor is less likely to experience a loss in the event of a default these are attractive but 

also subject to higher prepayment speeds when mortgage rates fall.    

 

Based upon the foregoing discussion, the default model was estimated using our 

state component framework where the rows corresponding to non-absorbing states are 

multinomial logit models.  There were three variants that were estimated which are 

termed the simple, linear, and kernel models.   

 

The simple model uses the linear function in the multinomial logit model but 

compresses states 1 2 5, ,s s s  all into one state 1s .  Thus there are three states and this 

model provides a baseline to assess the incremental value to our modeling process of 

including the more detailed payment state modeling.  This is therefore a three state 

model. 

 

The linear model uses all seven states mentioned earlier in this section.  Thus 

there are five non-absorbing states that are estimated in the transitional probability matrix 

modeling.  The estimation follows the process as outlined in previous chapters. 

 

The kernel model variant uses the same framework as the linear variant but uses 

local maximum likelihood to linearly approximate the unknown function at 27 different 

grid points. 
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The specification for the multinomial logistic models, for all three variants and 

any non-absorbing state, looks like: 
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  (4.3.1) 

 

For the absorbing states we have: 6 1 6Prob( | ) 1t ts s s s    and 

7 1 7Prob( | ) 1t ts s s s   . 

 

In (4.3.1) we have constants ,

k

i k  .  The variable nI  is the (fixed) interest rate 

on the 
thn  mortgage, 1tR  is the ten year Treasury rate at time 1t  , nS  is the credit score 

associated with the 
thn  mortgage, 

1,t nL 
 is the outstanding loan amount on the 

thn

mortgage at time 1t   and 
1,t nP

 is the house price at time 1t   associated with the 
thn  

mortgage.  Note that  

 

  , 1 , ,I , , , ,Sn t n t t n t n nR L Px   (4.3.2) 

 

with ( , )n t  replacing the v  in the earlier formulae.   
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4.4 Model Performance 
 

The ECVAR state component models discussed in the previous section have a 

large number of parameters.  The specific number are listed below in Table 7.  For 

example, in the case of the “linear” form of the state component model we have five rows 

of non-absorbing states and six column vectors of four parameters each for the estimated 

parameters.  This implies a total of 120 estimated parameters. 

 

Table 7: Number of Parameters in ECVAR Model Specifications 

 

 

Model 

Number of 

Estimated 

Transition 

Probability 

Functions 

Number of 

Parameters in 

Each Transition 

Model 

Number of 

Kernel 

Estimations 

Total Number 

of Estimated 

Parameters 

Simple 2 4 1 8 

Linear 30 4 1 120 

Kernel 30 4 27 3,240 

 

 

We could look at the standard errors of the individual parameter estimates from 

the inverse of the Fisher Information Matrix which can be determined from the Hessian 

of the log-likelihood function.   

 

An alternative approach, as described in Chapter 2, is to evaluate how well the 

model separates loans that default from those that do not default.  The model was 

simulated over the historical period (but ignoring the actual transitions that were observed 
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over the historical period).  So it in effect ignored the loan specific state details.  For each 

loan, the estimated probability of absorption into the default state was used as a score for 

the loan.  Then the strategy was to see how well the model identified loans that would 

ultimately default. 

 

The default scores or absorption probabilities were divided into 10 groups of 

approximately equal size with the first group having the 10% lowest scores, the next 

group having the next 10% lowest scores, and so on.  The better the model the more 

defaulted loans should appear in the highest score groups.  The actual default rate may 

then be computed for each group.  For the Simple variant of the default model, the results 

are displayed in Table 8. 

 

 

Table 8: Simple Model Default Scoring Performance 

 

 

Group 

Mortgage 

Count 

Actual 

Defaults 

Actual Default 

Rate (Percent) 

1 1,474,606 591 0.0401 

2 1,474,606 3,067 0.2080 

3 1,474,606 8,523 0.5780 

4 1,474,606 18,619 1.2626 

5 1,474,606 32,844 2.2273 

6 1,474,606 49,094 3.2393 

7 1,474,606 69,042 4.6821 

8 1,474,606 87,701 5.9472 

9 1,474,606 89,524 6.0710 

10 1,474,611 102,596 6.9575 

Totals 14,764,065 461,601 3.1265 
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The Expected Number of Default under H0 represents the number of defaults that 

should be in the associated group if the scores model were not predictive of default.  

Visual examination indicates that the 10% of the loans with the highest scores end up 

defaulting at a rate of approximately 173.5 times that of the lowest 10%. That is the 

direction that was desired.  A chi-square test can be used test the null hypothesis.  The 

results of the test show the chi-square = 295,187.1 with 9 degrees of freedom.  The p-

value is less than 0.0001.  This difference is highly statistically significant and it is 

unlikely that the distribution of defaults by score is different from the distribution that 

would occur if the scores were not predictive. 

 

This analysis was repeated for the linear variant of the default rate model.  The 

raw data is displayed in Table 9.  Once again, visual examination indicates that the 10% 

of the loans with the highest scores end up defaulting at a rate of approximately 1,158 

times that of the lowest 10%. That is the direction that was desired and shows 

significantly more separation than the simple variant.  A chi-square test can be used test 

the null hypothesis.  The results of the test show the chi-square = 1,025,112.62 with 9 

degrees of freedom.  The p-value is less than 0.0001.  This difference is highly 

statistically significant and it is unlikely that the distribution of defaults by score is 

different from the distribution that would occur if the scores were not predictive. 
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Table 9: Linear Default Model Scoring Performance 

 

 

Group 

Mortgage 

Count 

Actual 

Defaults 

Actual Default 

Rate (Percent) 

1 1,474,606 199 0.0135 

2 1,474,606 925 0.0627 

3 1,474,606 2,383 0.1616 

4 1,474,606 5,076 0.3442 

5 1,474,606 10,071 0.6830 

6 1,474,606 19,141 1.2980 

7 1,474,606 33,457 2.2689 

8 1,474,606 56,988 3.8646 

9 1,474,606 102,895 6.9778 

10 1,474,611 230,466 15.6289 

Totals 14,764,065 461,601 3.1265 

 

 

Finally, this analysis was repeated for the kernel variant of the default rate model.  

The raw data is displayed in Table 10.  Once again, visual examination indicates that the 

10% of the loans with the highest scores end up defaulting at a rate of approximately 

1,436 times that of the lowest 10%. That is the direction that was desired and shows 

significantly more separation than the Simple variant.  A Chi-square test can be used test 

the null hypothesis.  The results of the test show the Chi-square = 1,039,632.4 with 9 

degrees of freedom.  The p-value is less than 0.0001.  This difference is highly 

statistically significant and it is unlikely that the distribution of defaults by score is 

different from the distribution that would occur if the scores were not predictive. 
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Table 10: Kernel Default Model Scoring Performance 

 

 

Group 

Mortgage 

Count 

Actual 

Defaults 

Actual Default 

Rate (Percent) 

1 1,474,606 161 0.0109 

2 1,474,606 895 0.0607 

3 1,474,606 2,245 0.1522 

4 1,474,606 4,869 0.3302 

5 1,474,606 9,494 0.6437 

6 1,474,606 17,675 1.1986 

7 1,474,606 32,162 2.1811 

8 1,474,606 57,302 3.8859 

9 1,474,606 106,064 7.1927 

10 1,474,611 230,736 15.6472 

Totals 14,764,065 461,601 3.1265 

 

 

For ease in comparison, the actual number and percentage default rates for each 

bucket and each of the three model variants are presented in Table 11.   

 

Table 11: Comparison of Simple, Linear, and Kernel Model Scoring Performance 

 

 

Group 

Mortgage 

Count 

Actual 

Defaults 

(Simple) 

Actual 

Defaults 

(Linear) 

Actual 

Defaults 

(Kernel) 

Actual 

Default 

Rate % 

(Simple) 

Actual 

Default 

Rate % 

(Linear) 

Actual 

Default 

Rate % 

(Kernel) 

1 1,474,606 591 199 161 0.0401 0.0135 0.0109 

2 1,474,606 3,067 925 895 0.2080 0.0627 0.0607 

3 1,474,606 8,523 2,383 2,245 0.5780 0.1616 0.1522 

4 1,474,606 18,619 5,076 4,869 1.2626 0.3442 0.3302 

5 1,474,606 32,844 10,071 9,494 2.2273 0.6830 0.6437 

6 1,474,606 49,094 19,141 17,675 3.2393 1.2980 1.1986 

7 1,474,606 69,042 33,457 32,162 4.6821 2.2689 2.1811 

8 1,474,606 87,701 56,988 57,302 5.9472 3.8646 3.8859 

9 1,474,606 89,524 102,895 106,064 6.0710 6.9778 7.1927 

10 1,474,611 102,596 230,466 230,736 6.9575 15.6289 15.6472 

Totals 14,764,065 461,601 461,601 461,601 3.1265 3.1265 3.1265 
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4.5 Loss Given Default 
 

 

The aggregate function component of the ECVAR model involves the 

computation of losses incurred on the portfolio.  This component takes the individual 

mortgage states, corresponding to where a default state is first entered, and applies a cost 

to that event and mortgage.  When aggregated over all of the mortgages in the portfolio 

for a given simulation we will have a time series of losses on the portfolio for that 

particular scenario.  Taking the present value of these losses gives the equivalent value of 

the losses as of the beginning time period for portfolio losses under that scenario.  

 

We need a cost function to determine the impact of a default event on the loss 

function.  For our ECVAR demonstration a deterministic function will be used that is 

conditioned on the variable values from the exogenous and state components of the 

model framework.  In principle there is nothing to preclude us using an empirical or 

stochastic cost function, e.g. based upon empirical loss distributions, but for some of the 

analysis that we will consider later we do not want to add the additional stochasticity to 

our demonstration.   

 

Our cost function which will be a loss given default (i.e. loss conditioned on 

default) is essentially an accounting model.  One conservative approach would be to 

simply assume that that the outstanding mortgage balance at the time of default is the 
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amount of the loss.  The more general approach here would be to consider the proceeds 

of liquidating the property underlying the mortgage at the prevailing housing price index 

levels less any transaction costs.  For the purposes at hand a model such as the following 

can be used: 

 , , , , , ,min( (1 ),0)n t i n t i n t iL B H      (4.5.1) 

 

Here   represents the various transaction costs associated with liquidating the 

defaulted property presented as a decimal fraction.  Such costs include real estate 

commissions, legal fees, and so on.  That means that upon liquidation of the property the 

proceeds are , , (1 )n t iH  .  Here these costs were assumed to be 30% of the value of the 

property.  , ,n t iB  is the loan balance in period t , for mortgage n , in simulation i   and , ,n t iH  

is the house price associated with the mortgage n  at time t  and simulation i  (the original 

price times a housing price index at time t  in simulation i ).  The loss is then any 

shortfall between the net sale proceeds of the sale of the defaulted property and the 

outstanding balance.   

 

Note that the loss is only ‘charged’ in the period that the mortgage first enters the 

default state.   

 

4.6 Economic Capital Calculation 
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The ECVAR calculation itself corresponds to the problem objective component of 

our modeling framework.  Specifically, given our aggregate function component as 

mentioned in the previous section.  To be a bit more complete let us assume that 

 1,2, ,i I  represent the indexes of our simulations, that the mortgages are indexed by 

 1,2, ,n N and that there are time periods  1,2, ,t T .  We can define 

 

 
, ,

1 if mortgage  defaults at time  in simulation 

0 otherwise
n t i

n t i
D


 


  (4.6.1) 

   

Then the corresponding loss would be 

 

 
,, , , , , , , ,min( (1 ),0)n t i n t i n t i n t iL D B H      (4.6.2) 

 

Using the same notation as the previous section and specializing it to the 

appropriate simulation and mortgage.  The net-present-value of the losses for simulation 

i  would be 
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  (4.6.3) 
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where 
,i tR  is the ten year Treasury rate in period t  of simulation i .  This is then 

the aggregate function component of our ECVAR model. 

 

Finally, the problem objective component is to look at the 99th percentile of 

simulations i  for  1,2, ,i I .  Note that to assess the standard error of this estimate, 

in subsequent sections, the  i  are additionally indexed by an experiment or trial number 

so that the above process would be repeated say 30 times. 
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5 SIMULATION RESULTS 

In this chapter, the simulation results for the ECVAR problem are presented and 

discussed.   The resulting economic capital calculations are compared for the three 

variants of the state component models that were developed: simple, linear, and kernel.  

The main point of presenting the simple variant is to contrast the benefit that is obtained 

from exploiting the modeling of the object states in the framework (i.e. the payment 

status in each period of the different mortgages in a portfolio).  As will be seen, this 

provides considerable improvement in the modeling of the capital requirements. 

 

Additionally, two simulation variants are also discussed in the context of the three 

default models.  This addresses the issue mentioned earlier that mortgage models 

generally do not include stochastic simulation of the actual default and prepayment 

events.  The result smooths out the effects of these terminations resulting in material 

underestimates of capital requirements as well as the associated dispersion of the 

estimates.  The two simulation strategies are referred to as the traditional simulation and 

expanded simulation approaches. 

.  

5.1 Performance on Empirical Data with Known/Assumed Functional 
Forms 
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In this section the simulation results of four different model variations are 

described.  These variations consist of the simple and linear model forms described above 

in the section on the default rate model.  Both of these models use a linear functional 

form in the probability transition matrix models.  The key difference is that the simple 

model makes no distinction between the mortgage payment states other than for paid off 

or defaulted.  The linear model includes five different states representing various degrees 

of payment delinquency.  Contrasting these models provides insight in the value of 

adding those additional states in addressing the ECVAR problem.   

 

In addition to the two underlying models, two alternative simulation approaches 

are used for each.  The first, which will be termed the traditional simulation is one where 

the only stochasticity in the simulation is derived from that of the exogenous component 

variables.  The transition probabilities are not employed as probabilities but as fractions.  

So if the probability of being absorbed into the default state is 0.01, then under this 

scenario one percent of the mortgage is treated as being in default.  The alternative 

simulation strategy will be referred to as the expanded simulation which includes the 

stochasticity from both the exogenous component variables as well as stochastically 

simulating the next payment state based upon the previous state and the probabilities 

from the corresponding row of the probability transition matrix for that mortgage, time 

period, and specific simulation iteration. 
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Table 12 shows the simulation results for the 99th percentile of economic capital 

for five portfolios of different sizes – with 5,000 simulation performed.  For each 

portfolio, 30 replications of the simulation experiment were conducted and the mean 

value of the 99th percentile statistic were computed.  The standard errors of these 

estimates, based on the experiments performed, appears below each estimated mean in 

parentheses. 

 

Table 12: Simple Model 99 Percentile Estimates for Economic Capital 

 

 

Number 

of 

Loans 

Unpaid 

Principal 

Balance 

Number of 

Simulations 

Model 

Type 

Traditional 

Simulation 

Expanded 

Simulation 

2,576 $412.7 5,000 Simple 
0.27783 

(0.00314) 

0.34968 

(0.00381) 

1,288 $206.9 5,000 Simple 
0.28039 

(0.00308) 

0.37544 

(0.00610) 

644 $104.5 5,000 Simple 
0.25649 

(0.00272) 

0.38173 

(0.00617) 

322 $53.6 5,000 Simple 
0.28802 

(0.00308) 

0.48857 

(0.00898) 

161 $27.0 5,000 Simple 
0.28304 

(0.00340) 

0.69781 

(0.02334) 

 

 

 

Having identified one source of stochasticity that is often ignored in such 

mortgage credit VAR models, it is not surprising to see that the traditional simulation 

approach underestimates the 99th percentile VAR for each of the portfolios.  Additionally, 

the omission of this statistical component leads to a misleadingly low standard error of 

for the 99th percentile of VAR computed using the traditional simulation.  For example, if 
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we appeal to the asymptotic normality of the mean of the 99th percentile VAR, 2,576 loan 

portfolio case, the difference between the means of the traditional simulation and 

expanded simulation approaches is nearly 23 standard errors. 

 

 We saw earlier in the discussion on the default rate model that the incorporation 

of payment state information provided significant improvement in the ability to classify 

which loans are most likely to default.  So it is of interest to see how this might influence 

the answer to of our ECVAR problem.  As may be seen in Table 13, the results of the 

expanded simulation results for the linear model are compared to those of the simple 

model from the previous table.  The reader should recall that the linear model includes 

five different payment states.  The results of the linear model ECVAR are dramatically 

different from that of the simple model.  Even for the largest portfolio where we expect to 

see the most financial diversification present, the tail of the loss distribution under the 

linear model is substantially longer than that of the simple model.  The 99th percentile of 

the linear model loss distribution is more than four times that associated with use of the 

simple model.  The implication is of course that if the linear model better represents the 

loss distribution than the simple model, the simple model severely understates the 

potential losses that occur in the worst one percent of possible scenarios.  An alternative 

but equivalent characterization is that the probabilities with respect to any specific large 

loss are materially understated by the simple model. 
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Table 13: Simple and Linear Model Estimates for Economic Capital 

 

 

Number 

of 

Loans 

Unpaid 

Principal 

Balance 

Number of 

Simulations 

Simple 

Model 

Expanded 

Simulation 

Linear 

Model 

Expanded 

Simulation 

2,576 $412.7 5,000 
0.34968 

(0.00381) 

1.425474 

(0.040799) 

1,288 $206.9 5,000 
0.37544 

(0.00610) 

1.383952 

(0.035305) 

644 $104.5 5,000 
0.38173 

(0.00617) 

1.23228 

(0.030121) 

322 $53.6 5,000 
0.48857 

(0.00898) 

1.511836 

(0.030378) 

161 $27.0 5,000 
0.69781 

(0.02334) 

2.102657 

(0.045723) 

 

 

This provides strong evidence of the value of incorporating payment information 

into VAR models of credit risk such as the ECVAR model that we have been describing.  

To get some sense as to why this occurs it is useful to consider typical rates of transition 

between the different payment states over time.  Consider a loan with all of its payments 

being up-to-date – that is, a mortgage that is in the current state.  Typically, there would 

be approximately a 97% probability that the loan would be current in the next period, 1% 

probability that would be 30 days delinquent, and a 2% probability of prepayment (a 

terminal or absorbing state). The probability of entering any other state would be 

negligible. However once a mortgage is in a 30 days delinquent state the probability of 

remaining 30 days delinquent or greater becomes much more likely. Therefore, the 
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Simple Model aggregating all of the non-absorbing states into a single state dampens the 

progression towards default. 

 

So far we have seen progressively wider tails resulting from use of the expanded 

simulation approach in the simple model and then the addition of using the payment 

information in explain the formation of the default process.  We might be interested in 

whether or not the expanded simulation approach has any material impacts relative to the 

traditional simulation approach.  Table 14 shows a comparison of these results.   

 

Table 14: Traditional and Expanded Simulations for the Linear Model 

 

 

Number 

of 

Loans 

Unpaid 

Principal 

Balance 

Number of 

Simulations 

Model 

Type 

Traditional 

Simulation 

Expanded 

Simulation 

2,576 $412.7 5,000 Linear 
1.340448 

(0.031149) 

1.425474 

(0.040799) 

1,288 $206.9 5,000 Linear 
1.306477 

(0.034659) 

1.383952 

(0.035305) 

644 $104.5 5,000 Linear 
1.133862 

(0.023419) 

1.23228 

(0.030121) 

322 $53.6 5,000 Linear 
1.357197 

(0.023085) 

1.511836 

(0.030378) 

161 $27.0 5,000 Linear 
1.609851 

(0.037540) 

2.102657 

(0.045723) 

 

 

In this case the results are not as extreme as in the previous examples.  However, 

as we would expect the incorporation of the stochasticity of the state component model 

does lead consistently to larger 99th percentile tails in the expanded simulations.   This 

effect diminishes with portfolio size.  In general, then it would be beneficial to 
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incorporate this feature in producing a more reliable and robust measure of credit risk 

VAR such as in our ECVAR problem. 

 

One last consideration in this section relates to the number of simulations that are 

employed in the analysis.  In Table 15, the linear model simulation results for the 99th 

percentile tail probabilities are presented by the number of simulations performed.  This 

time the same portfolio of loans was used for each of the simulations.  As a reminder, 

each simulation experiment was performed 30 times and the means are presented in the 

last two columns with the standard errors in parentheses.   

 

Table 15: Linear Model Simulation Performance by Number of Iterations 

 

 

Number 

of 

Loans 

Unpaid 

Principal 

Balance 

Number of 

Simulations 

Model 

Type 

Traditional 

Simulation 

Expanded 

Simulation 

2,576 $412.7 250 Linear 
1.290764 

(0.108584) 

1.403300 

(0.133957) 

2,576 $412.7 500 Linear 
1.311656 

(0.086177) 

1.417932 

(0.09676) 

2,576 $412.7 1,000 Linear 
1.339692 

(0.063116) 

1.414466 

(0.61379) 

2,576 $412.7 2,500 Linear 
1.331690 

(0.037454) 

1.416197 

(0.030001) 

2,576 $412.7 5,000 Linear 
1.340448 

(0.031149) 

1.425474 

(0.040799) 

 

 

The means are quite consistent across the simulation cohorts.  This is not entirely 

surprising since each simulation was replicated 30 times.  It may prove reassuring 

however to a practitioner utilizing this type of analysis.   
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If we were to deploy the linear model for our ECVAR problem then a ˆ2  

confidence band for the 2,576 loan portfolio would be 1.425474 percent of the original 

balance of the portfolio plus or minus 0.081598 or (1.343876, 1.507072) percent. 

 

5.2 Performance on Empirical Data with Unknown Functional Forms 
 

 

In section 4.3, in discussing the default rate model development, it was observed 

that the performance of the linear and kernel model formulations had similar performance 

on the historical observation period.   That observation period however was one 

realization of the possible universe of paths that might have occurred.  Assuming that our 

models (e.g. the exogenous component models) reflect a reasonable representation of 

alternative environments that might have been realized it is reasonable to inquire how the 

ECVAR results using the kernel model might vary from those of the linear model.   

 

One possibility is that since the performance of the two default models appear 

comparable is it worth the extra computational effort to employee these techniques.  After 

all we saw that with three explanatory variables and three sample points for each variable 

that the computational effort was around 27 times greater than that of the Linear Model.  

Of course as the number of variables and/or sampling points increases the computational 

effort will rise exponentially. 
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Table 16 provides a comparison of the linear and kernel models using the 

expanded simulation approach.  Quite interestingly the kernel model simulations produce 

99th percentile estimates that are considerably smaller than those of the linear model.  

This trend is consistent across the various simulation portfolios that were used.  The 

standard errors of these estimates are also uniformly smaller for the kernel model.  While 

the kernel model is much more heavily parameterized than the linear model it should be 

noted that the estimation utilized in excess of 640 million transition observations so that 

the number of estimated parameters has a negligible effect on the estimates.  

 

 

Table 16: Linear and Kernel Simulation Models for ECVAR 

 

 

Number 

of 

Loans 

Unpaid 

Principal 

Balance 

Number of 

Simulations 

Linear 

Model 

Expanded 

Simulation 

Kernel 

Model 

Expanded 

Simulation 

2,576 $412.7 5,000 
1.425474 

(0.040799) 

1.298575 

(0.032977) 

1,288 $206.9 5,000 
1.383952 

(0.035305) 

1.282139 

(0.030283) 

644 $104.5 5,000 
1.23228 

(0.030121) 

1.131395 

(0.02748) 

322 $53.6 5,000 
1.511836 

(0.030378) 

1.344350 

(0.030453) 

161 $27.0 5,000 
2.102657 

(0.045723) 

1.819391 

(0.042477) 

 

 

It is suspected that the reason for this phenomenon is that the kernel model is able 

to better handle some of the convexities or second order effects than the linear model.  
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Comparing the kernel model to the simple model previously discussed still leads one to 

suspect that the simple model fails to adequately capture the extent of the tails in a credit 

risk problem such as the ECVAR example we have been studying. 

   

Before proceeding, it may prove useful to consider the difference between the 

traditional simulation and expanded simulation of the kernel model.  These results are 

summarized in Table 17 below.  As before the expanded simulation approach produces 

consistently longer tails but that is not inconsistent with the additional sources of 

stochasticity. 

 

 
Table 17: Traditional and Expanded Simulations for the Kernel Model 

 

 

Number 

of 

Loans 

Unpaid 

Principal 

Balance 

Number of 

Simulations 

Model 

Type 

Traditional 

Simulation 

Expanded 

Simulation 

2,576 $412.7 5,000 Kernel 
1.216480 

(0.028707) 

1.298575 

(0.032977) 

1,288 $206.9 5,000 Kernel 
1.215454 

(0.027339) 

1.282139 

(0.030283) 

644 $104.5 5,000 Kernel 
1.039003 

(0.019607) 

1.131395 

(0.02748) 

322 $53.6 5,000 Kernel 
1.195151 

(0.024874) 

1.344350 

(0.030453) 

161 $27.0 5,000 Kernel 
1.379643 

(0.036758) 

1.819391 

(0.042477) 

 

 

If we were to deploy the kernel model for our ECVAR problem then a ˆ2  

confidence band for the 2,576 loan portfolio would be 1.298575 percent of the original 

balance of the portfolio plus or minus 0.065954 or (1.232621, 1.364529) percent.  The 
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higher end of the band barely overlaps with the lower end of the band for the linear 

model. 

   

5.3 Performance on Empirical Data Generated by Known Processes 
 

The previous sections considered situations where the functional form of the 

transition probability matrix functions were either known, assumed or approximated.  

Unfortunately, the true specification will generally be unknowable. This section 

highlights some research based upon simulation experiments where the specification of 

the model is actually known.   

 

This discussion follows the work of (Cai, Fan and Li 2000) who explored the 

estimation of regression models where some of the coefficients of explanatory variables 

were functions with unknown specification involving another explanatory variable.  In 

this work the dependent variable was associated with the independent variables through a 

‘link’ function.  This is analogous to the state component models discussed above where 

the ‘link’ function is the multinomial logit function.   

 

The general form of the model proposed by (Cai, Fan and Li 2000) is 

 
1

( ( , )) ( )
p

j j

j

g m u u x


x   (5.3.1) 
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where  g  represents a known link function (e.g. the logit function), ( , )m u x  represents 

then mean regression function of a response variable Y  given covariates x  and u .  Note 

that the ( )j u  are functions of u  as opposed to being constants. Of course the key 

advantage to a model like this is that we do not assume a specific transformation 

function. The assumption of a specific transformation function, which would almost 

certainly be incorrect, will lead to model biases in potentially wrong conclusions. 

 

The adopted approach is to approximate the ( )j u  around some grid point 0u  

using a Taylor series expansion. For the case whereu we have  

 

 1 2

0( ) ( )j j ju u u       (5.3.2) 

 

where 1 2,j j    and the left hand side is a function.  The original objective of 

this methodology was to derive a series of point estimates for ˆ ( )j ku  for some set of 

points 0 1 1, , , nu u u  .  Then  1ˆ ˆ( )j k ju  which is the estimate of the constant term from 

the Taylor series expansion.  The parameter 2ˆ
j  is used instrumentally in the estimation 

process but is not used in the original application.   

 

To tailor this to the ECVAR application instead of discarding the 
2ˆ
j  parameters 

these parameters were retained to create a linear approximation to the function used in the 
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exponential terms of the multinomial logit functions.  This allowed for a significant 

reduction in the number of local maximum likelihood problems that would need to be 

solved. 

 

In some related research, I tested a binomial logit model (link function) using 

several non-linear functional forms proposed by (Cai, Fan and Li 2000).  The state 1 

coefficient vector was constrained to 0 to insure unity of the logit state probabilities.  The 

‘coefficient’ functions employed for the independent variable for the state 2 probabilities 

were 

 0 ( ) exp(2 1)u u     (5.3.3) 

 1( ) 8 (1 )u u u     (5.3.4) 

 2

2 ( ) 2sin (2 )u u    (5.3.5) 

 

The technique was applied to simulated data so that these functions were the true 

underlying coefficient functions.  The results closely matched those of (Cai, Fan and Li 

2000) when samples of approximately 1,000 observations were used.   

 

There are some distinctions between the work cited here and the kernel 

approximation method used in the ECVAR that should be mentioned.  For the ECVAR 

problem we had a very large number of observations (more than 640 million) and several 

explanatory variables.  This made it necessary to reduce the number of grid or kernel 

points and to use the linear approximation (i.e. all of the parameter estimates) in the 
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ECVAR implementation rather than simply finding a particular point estimate (the i.e. 

retaining just the intercept).  This simplification still employed approximately 27 times 

the number of computations as the linear version of the model.  In (Cai, Fan and Li 2000) 

the function involved only a single variable in the ‘coefficient’ functions. 

 

This suggests an interesting extension of the methods in the ECVAR model which 

is how to choose the appropriate grid points for the Various variables, states (i.e. rows), 

and their locations.  The variable used in the ECVAR model generally have monotonic 

relationships with the individual probability states.   
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6 CONCLUSIONS AND POTENTIAL EXTENSIONS 

In this research we have examined a framework for modeling the behavior of a 

heterogeneous collection of state-dependent objects and the resulting impact on 

characteristics of the aggregate population. Although this methodology can apply to any 

population statistical measure, the focus has been on more extreme or unusual outcomes. 

 

While the framework may prove generally useful in a variety of application areas, 

it provided a construct for better understanding improvements that can be made in models 

of mortgage credit risk, as explored in our ECVAR model. A number of issues were 

identified in the contemporaneous modeling of mortgage credit risk that appear to 

materially understated the length of the tails of the distribution of future losses in such 

portfolios. For example, it appears that mortgage credit risk models commonly presume 

that the idiosyncratic risk of individual borrowers defaulting is often assumed away. We 

saw from comparison of what I termed traditional and expanded simulations that this 

understatement could be by a factor of several times. Accounting for this volatility in the 

framework presented will produce more realistic VAR measures. 

 

The incorporation of modeling the payment status of each of the mortgages, as 

part of our state component models, also proved to significantly increase the 

predictability (i.e. classification) of mortgages that would ultimately default. This was 

shown by comparing comparable models, one including only a single state that was non-
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absorbing and the other including five different payment states that were non-absorbing.  

This demonstrates the potential importance and value of modeling mortgage credit 

portfolio losses at the individual mortgage level in order to derive more robust measures 

of such losses. 

 

The modeling framework, once again is applied to the ECVAR problem also 

addresses common problem in such risk management models pertaining to scalability. As 

with any portfolio, as number investments (e.g. mortgages in our case) increases we 

would expect risks to be reduced to some extent through diversification. This cannot 

generally be accomplished through an aggregate model but the framework discussed 

allows the portfolio to be built up from the individual components in their individual 

risks. This could be seen from the example provided on portfolios with various numbers 

of loans.  This is an extension of the coin flipping example discussed in section 3.3.3. 

 

Another aspect of this modeling process is that it can accommodate situations 

where the functional forms of the state transition functions are not known with certainty. 

In our examples, three different grid points were used for each of the three non-constant 

explanatory variables used in modeling the state transition functions. 

 

There are certainly considerable opportunities for research using both framework 

for assessing the robustness of risk measures in other disciplines, such as those cited in 

system reliability, biological systems, financial risk management, etc. from a statistical 
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perspective it would be valuable to explore issues related to optimizing the number and 

location of the grid points used in the kernel estimation approach.  The same grid point 

was used in each row of our probability transition function matrix. This is unlikely to be 

optimal. Since the computational complexity of the problem increases linearly in the 

number of grid points, a strategy for judicious choosing such points could reduce the 

computational burden or support application to larger problems. 
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APPENDIX 

This Appendix provides a description of the computing environment used in the 

preceding research described in this dissertation.   

 

The hardware included a Dell 5810 Tower with: an Intel Xeon Processor E5-1650 

v3 (Six Core HT, 15 MB Cache, 3.5GHz Turbo), 64 GB 2133MHz DDR4 RDIMM ECC 

memory, and two 3.5 inch 2TB SATA 7.2K RPM HDD disk drives. 

 

The operating system was Ubuntu 12.04.  All programming, except for the 

parameter estimation of the two ARIMA models in the exogenous component of the 

ECVAR model, was performed in C using the GNU gcc compiler.  The C programs that 

were developed include approximately 9,800 lines of code.  The estimation of the two 

ARIMA models for the ten year U.S. Treasury rate and the national housing index time 

series were estimated using R.   
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